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ABSTRACT 
Robot metrology is the foundation for robots which must 
perform intricate tasks such as microchip manufacture, 
deburring, and assembly of small parts. Robot metrology 
deals with the measurement, analysis, and mathematical mod-
eliug of dimensional errors in industrial robots (reference 
9). It high precision tasks are to be done by the robot, 
then the positional error of the robot must be known so that 
corrective action can be taken. 
This thesis investigates the sources of error in a 
robot. These errors ari3e from both kinematic and dynamic 
effects such as acceleration, inertial coupling, and cen-
tripP.tal and coriolis forces. Dynamic error, though, is 
Leyonrl the scope of this thesis and will not be investi-
qated. The error that is investigated is the static posi-
tion error that occurs when the robot has moved to a 
position and comes to a complete stop. As a result, only 
the static errors that are caused by the kinematic effects 
will be investigated. An error budgeting technique is 
applied to these sources of error. The error budget 
obtained defines the individual sources of error and the 
error combinatorial effects that contribute to the overall 
1 
error at the end of the robot's arm. In addition, a kine-
matic error model 1s developed to determine the error at the 
end of the arm based on the individual sources of error. A 
computer program was written based on the kinematic error 
model and gave numerical results for the robot's position 
and orientation error. 
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1.0 __ IRTBODUCTIOB 
In order to fully understand how robotic error is gen-
erated, the individual sources of error must be delineated. 
In addition, the interaction of the individual error sources 
should be obtained in order to get an accurate, overall sys-
tem error. Once the sources of error are obtained, they can 
be grouped into subsystems and then incorporated into an 
~rror budget. This allows the reseacher to determine the 
most significant (largest) sources of error. From this, a 
mathematical model can be developed which incorporates the 
major sources of error and their distributions. With this 
mathematical model, the researcher can simulate the error in 
positionin~ the robot's arm and thus predict the positioning 
error of the arm. In order to simulate this error, it was 
necessary to obtain an dccurate mathematical model of the 
robot. 
Eobotic systems, because of their link mechanism can Le 
modeled as a kinematic chain (reference 28). The kinematic 
analysis allows one to determine the exact position of any 
mechanical element of that system. The kinematic equations 
thdt model the robot uniquely transform the joint positions 
into the position and orientation (pose) necessary for a 
3 
gripper to perform a required task. The kinematic nature of 
the robotic syslem allows one to derive equations which are 
suitable for computer programming. Because of this proper-
ty, real-time solutions of kinematic equations can be 
obtained. 
The basis for the solution of the kinematic system 
involves imbeduing local coordinate systems at each of the 
seqment links. In a kinematic chain, each link is consid-
ered to be a riqid, inflexible body while the joints at the 
end of the links define points 1n space. This convention, 
developed by Denavit and Hartenberg (9), allows the kinemat-
ics of~ mechdnisrn to be described mathematically. The 
major limitation of their research was that they only 
described the kinematics of closed-loop mechanisms. In 
addition, Denavit and Hartenberg limited themselves to two 
types of joints: prismatic and revolute. A prismatic joint 
consists of two links that slide over one another, while a 
revolute joint allows the link to rotate in one direction 
around the joint. 
When researchers initially developed control algorithms 
for robots, (mostly in the late 1960 1 s) they used trigono-
metric solutions that were only practical when manipulator 
geometry was simple and well understood. With the complex 
4 
configurations of today's robots, (e.g., the PU~A 560 is a 
six-degree-of-freedom manipulator), trigonometric solutions 
are not feasible (reference 28). The mathematical models of 
these robots became too complex to describe with just trigo-
nometry. Recently, control algorithms have been developed 
based on the Denavit and Hartenberg kinematic solution which 
can completely describe a complex, six-degree-of -freedom 
mechanism. 
Paul et. al. (27) have described a kinematic system for 
robots, which is based on the Denavit and Hartenherg matrix 
notation. Each of the ioints of the robot has a reference 
coordinate frame imbedded in it. Paul defines a 4x4 matrix 
that relates one coordinate frame to the adjacent coordinate 
frame. The 4x4 matrix has four parameters to describe the 
transformation between adjacent coordinate frames which are 
identical to those that Denavit and Hartenberg used. 
Other researchers have done similiar kinematic analysis 
of robots based on the Denavit-Hartenberg system of matri-
ces. Crochetiere•s (6) kinematic analysis is similiar to 
Paul's except that the coordinate transformations {the last 
column of Paul's matrix) are obtained through trigonometry 
with the appropriate orthographic projections. crochetiere 
found that coordinate transforms involving pure rotations 
5 
(change in orientation) can be easily modeled with matrix 
manipulations, while translations can be more easily done 
with trigonometry. The resulting orientation and position 
vectors are similiar to Paul's approach. The solution 
developed by Crochetiere to the kinematic system yields 3 
orientation and one translation vector which describes a 
six-deqree-of-freedom kinematic system. The specific 
e~uations for his solution are given later in the Literature 
Review section. The major drawback of Crochetiere•s kine-
ruatic system is that it is not as flexible as Paul's. For 
each specific robot, the equations that describe the trans-
lation vectors have to be derived based on the trigonometry 
of the robot. In Paul's method these are obtained in a gen-
~ralized solution. 
A comparison of the two kinematic solution techniques, 
leads one to conclud9 that Paul's technique is more flexi-
ble, i.e. easier to apply to a wider variety of robots. In 
addition, Paul's technique 1s relatively etficient, such 
that a computer solution can be obtained in real time. 
Paul's approach considers a kinematic system based on 
the Cartesian coordinate system (X, Y,Z) (29). In Paul's dis-
cussion, he develops a matrix method of assigning coordinate 
frames to links of simple manipulators. Using the method of 
6 
matrices, the joint coordinates are determined given the 
desired Cartesian position and orientation of the manipula-
tor's end effector. 
7 
2.0 __ lPPBOlCH_TO_THB_PBOBLE! 
Based on an investigation of the classification of 
error and the error sources for industrial robots, the main 
goal of this project is to successfully predict what the 
error will be at the end of the robot's arm for any given 
arm configuration. To achieve this goal, all major sources 
of error in the robot system are delineated. Once these 
sources ot error are specified, an error budget analysis is 
performed to Jetermine how the individual sources of error 
interact to give the total error at the end of the arm. A 
mathemdtical model ot the robot's kinematic system is devel-
oped to calculate this error which incorporates the robotic 
sources of error anJ their statisticdl distributions. Soft-
ware, bdsed on this mathematical model is written to obtain 
th~ kinematic error. A seconddry goal is to have a computa-
tional efficient software pr0gram. The software will be 
written specifically tor the Puma 560 robot. This model 
will allow the kinematic error at the end of the robot's arm 
to be determined, given the error sources and their distrib-
ution for each individual subcomponent of the robot. 
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3.0 LI!BBl!OBB_BBVIBI 
3.1 __ KI1Bft1TIC lllLISIS 
This section describes the kinematic notation of Denav-
it and Hartenberg (reference 9) which is the basis for 
dlmost all robot kinematic notation. 
8y fixing coordinate frames on the joints of the mech-
anism, Denavit and Hartenberg could relate the position of 
one coordinate frame {joint) to any other coordinate frame 
on that mechanism. This was referred to as a coordinate 
transformation. Denavit and Hartenberg used the minimum 
number of parameters (four) to define the coordinate transf-
ormations. These four parameters are designated as 8,A,~, 
ands. A is the distance between o and o' in the x direc-
tion, while Sis the distance between o and o' in the z 
direction. e represents the angle of rotation from o too' 
along the z aiis, while is the rotation angle between o 
and o' along the x axis. Referring to figure (3.1), the 
transformation from the origin, o, too' can be represented 
by these four parameters. This transformation can be 
thought of as occurring in four successive steps: 
1. Rotate about z an angle e 
9 
Figure 3.1 
I 
--
..... ---
-- .... 90' ':J. -r1 
~-- h "' u 
Parameters a, e , c<, and s Defining Line L 
of Screw or Revolute Pair. (source: Denavit, 
J., Hartenberg; reference 9) 
10 
2. Translate along z a distances 
J. Translate along x a distance A 
4. Rotate about x an angle~ 
This convention completely describes the transformation 
from one coordinate frame {o) to another arbitrary coordi-
nate frame (o'). The coordinate transformation can be easi-
ly applied to a link mechanism. An example of the Denavit 
and Hartenberg coordinate transformation notation is illus-
trateri in figures 3.1 and 3. 3. 
f i q u re ( J • 2) i 11 us tr ates one prismatic joint ( p 1) and 
three rotational ioint.s designated as R2, R3, and R4. The 
anqlP.,o1,, de.scribes the angle between adjacent z axes. In 
t h i s c a s e , ex d = 9 0 , d.:J.J = 0 , ""3. ~ = 0 , o1., ~ = 0 • T h e per pend i c-
ul a r distance between successive z axes is designated by a. 
for this mechanism, the distance between z1 and z2 1s al; 
between z2 and z3 is a2; between z3 and z4 is aJ, and 
between z4 aud z1 is a4=0. e, represents the angle between 
successive x ~xes. In fiqur~ (3.2), the angles 81, 82, 
A3,and 84 are described by the angles between xl and x2, x2 
and xJ, x3 and x4, and x4 and x1, respectively. Finally, 
the parameter,s, describes the perpendicular distances 
between successive x axes. For this specific case, the per-
pendicular distance between x1 and x2 is sl. s2,s3,and s4 
11 
Figure 3.2 Slider-Crank Mechanism, Showing Pair and Axes. 
(source: Denavit,J., Hartenberg; reference 9) 
txt 
.Bij 
R2 
--~+-
a, 
1· .. z 
Figure 3. 3 Schematic of Slider-Crank ~lechanism Showing 
Pair Variableseand s. (source: Denavit,J., 
Hartenberg; reference 9) 
1 :i 
are all equal to zero because all adjacent axes intersect, 
thus leaving no perpendicular distance between them. 
As the mechanism is moved, the Denavit and Hartenbtrq 
notation refers to the variables that change as pair vari-
ables. The pair variable can be either an angle, a, if the 
joint rotates or a distance, r, if the joint slides. In 
this case, 82, 83, and 84 are the pair variables for the 
three rotational joints r2, rJ, and r4 respectively. Par 
the prismatic joint, p1, the pair variable is s1 because s1 
changes as joint p1 slides along z1. 
Dcnavit and Hartenberg developed a homogeneous matrix 
that Jescribes the transformation from one coordinate frame 
to an adjacent coordinate frame (reference 9). The homoge-
neous matrix (Mi) is qi ven as fallows (reference 9): 
Mi= 
i*CSi 
i*S8i 
Sl 
0 
cei 
S8i 
0 
0 
-SOi*C.:t:i 
COi*Co(i 
-S8i 
where C= Cosine function, 
S= Sine function, and 
i= the ith coordinate frame 
13 
0 
-S6i*Scxi 
C8i*Sxi 
C"'i 
( 3. 1) 
For example, 
the transformation 
the M2 matrix would describe completely 
from joint one of figure (3.2), pl, to 
joint 2, r2. M3, M4, and l11 
between frames 2 and 3, 3 and 
represent the transformations 
4, and 4 and 1, respectively. 
Thus if one wanted the transformation from frame 1 to 3, the 
transformation would be: 
M2 X M3 
Becduse Denavit and llartenberg worked specifically with 
closed-loop systems, the following relationship holds for 
the example ot fiyure (3. 3): 
~2 X NJ X M4 X M1 = 1 ( 3. 2) 
The product of all matrices is the unit matrix, 1, when 
there is a return to the original coordinate frame. 
This notation is quite powerful for describing mech-
anisms because it gives complete transformations in a 
straight-forward manner. In addition, the matrix notation 
is very adaptable to computer programming. 
Pdul et. al. (27) have used the Denavit-Hactenberg 
notation for the kinematic solution to cobots. Like any 
14 
other mechanism in which the Denavit-Hartenberg notation can 
apply, the robot link manipulator consists of a sequence of 
links connected together by joints. For an 
N-degree-of-freedom manipulator, there will be N links and N 
ioints. In the case of the Puma, N equals six. Link O is 
at the base of the manipulator and is not considered one of 
the six links. The links maintain a fixed relationship 
between the manipulator joints and the end of each link. 
The link can be described by two parameters; a" and o£.n , 
(fiyure (3.4)). an is the common normal distance between 
j o i n ts and cxr,, 
pendicular to 
.is the anyle betwee:. the axis in a plane per-
aA is defined as the a" • B y co n v en ti on , 
length, and ~n , the twist of the link. Every joint, except 
for the first and last joints, will have tvo links attached 
to it with corresponding normals connected to it, figure 
(3.5). The relative position of two such connected links is 
defined by d" which represents distance between the normals 
along the joint N axis. The angle, 0n, describes the angle 
between the normals measured in a plane normal to the axis. 
dn and en are referred to as II the distance II and II the 
angle" between the links, respectively. 
In the analysis of the robotic kinematic system, there 
are two types of joints considered: revolute joints and 
15 
Joint n+l 
Link n 
On 
Figure 3.4 The Length a and Twist cl in a Link. (source: 
Paul,R.P.; reference 27) 
16 
Figure 3.5 Robot Manipulators; 
Coordinate System. 
ference 17) 
17 
z,.z2,Zl 
Pointing out ol lhl 
p1p1r 
The Assignment of Links 
(source: Koren,Y.; re-
prismatic ioints. A revolute joint has 8n as the joint var-
iable, while a prismatic joint has~ as the joint variable. 
In a revolute joint, the origin of the coordinate frame of 
link N occurs at the intersection of the common normal 
between joints N and N+1 and the axis of joint N+1. For 
intersecting joint axes, the point of intersection of the 
joiut axes defines the origin. The Z axis of link N shall 
be lined up with the axis of joint N+1. The X axis is 
directed alonq the common normal from joint N to joint N+1. 
When Xn-, and X(\ are parallel and have the same direction, 011 
1s at zero. 
For a prismatic joint, df\ 1s the joint variable, and 
the direction of the joint axis is the direction in which 
the joint moves. For a prismatic joint, the length a" is 
not defined and is set equal to zero. The z axis of the 
µrismatic link is aligned with the axis of joint N+1. The 
vari1ble Xn is defined as the vector cross product of the 
direction of the prismatic joint and Z When dn = 0, then 
x11•1 a11d X11 intersect. The resulting matrix representation 
1s a 4X4 number representation of the position and orien-
tation of the robot. This matrix is similiar to the Denav-
it-Hartenberq matrix. Paul modified the M matrix such that 
the first three columns are the J orientation vectors, and 
the fourth column is the arm's position vector. The three 
orientation vectors describe the orientation of the robot's 
18 
wrist in 3-dimensional space. There are three degrees of 
freedom in orientation, namely pitch, roll, and yaw. These 
deyrees of freedom are referenced from a reference frame 
imbedded in the wrist of a robot. Pitch refers to a rota-
tion about they axis of the wrist, roll refers to a rota-
tion about the z axis of the wrist, and yav refers to a 
rotation about the x axis of the wrist. Paul describes 
these three degrees of freedom in the first 3 columns of the 
4x4 homogeneous transformation matrix. 
Once the coordinate frames to all links have been 
cstdblished, a relationship can be generated to relate suc-
cessive frames N-1 and N. This can be thought of as the 
implementation of four successive steps: 
1. Rotate about 2n-1 an angle 8n. 
2. Trdnslate along Zn. 1 a distance d(\. 
3. Translate along rotated X11 -1 = X" a length a,... 
4. Rotate about Xn the twist angle c:l...n • 
where the subscripts (n and n-1) refer to the appr-opri ate 
coordinate frames. 
The steps may be considered as the four homogeneous 
transformations relating· the coordinate frame of link N to 
the coordinate frame of link N-1. These transformations can 
19 
be described mathematically by an An matrix which is defined 
as follows: 
A"= Rotation (Sr. about the Z axis) * Translation (d 11 in 
the Z direction) * Translation (an in the X direction) * 
Rotation (~n about tne X axis). 
The subscript n refers to the coordindte frame which An is 
representing. 
For a robot with six coordinate frames, there would be 
six A(\ matrices (or as commonly represented, Aj, i=1, •.. ,n 
with n = 6). Each matrix is represented as follows (refer-
ence 27) : 
C91 -se, *Ci, se. *SG{; a, *Cct; 
S8 1 C81 *Col.; -C81 *Sll1 a, * Sci.; 
A = 0 5:,(1 Ccl.1 d, (3. 3) 
0 0 0 1 
wheres represents the sine of an angle and C represents the 
cosine of the angle. 
For a prismatic joint, An simplifies to: 
20 
c0; -se; *C"", S81 *&<, 0 
se; C9i *Colt; -C81 * Si; 0 
A; = 0 Sx; G:,t; a, ( 3. 4) 
0 0 0 
The coordinate frames are imbedded at the beginning of each 
link (see f iqure (3. 5)). Once the link coordinate frames 
are assigned, the various link parameters can be obtained, 
and the six A1 transformations can be determined. The link 
coordinate frame of frame 6, which is located at the end of 
the ~rm of a 6 degree of freedom robot, can be defined in 
terms of the base frame by the following expression: 
T~ = A 1 * A 2 * A 3 * A 4 * A 5 * A 6 ( 3. 5) 
In figure (3.6) (27), Paul defines the parameters 
d,a,6,andol. for the six links of the Puma robot. In his 
discussion, Paul 4oes into the detailed calculations of all 
six transformations (A1,A2,A3,A4,A5,A6). 
One of the drawbacks of Paul's method is that his 
result qives multiple solutions for arm configurations. 
Normally, only one solution corresponding to a given kine-
21 
Join! n Join! n+I 
Join! n-1 
Link n-1 
I 
\ 
Figure 3.6 Link Pararnetet's G, d~ a, and<X". (source: 
Paul,R.P. ;_ reference) 
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matic configuration is desired (elbow up or down, etc.) 
rather than a complete set of solutions. In order to obtain 
one solution, constraints must be specified. 
Frequently, the solution of TG is done in a real-time 
loop which requires minimum computational time. Paul's 
method uses much less time when compared to iterative sol-
ution techniques. In order to calculate T6 , Paul required 
12 transcendental functiGn calls, 34 multiplies, and 16 
additions (reference 28) • Because of this, Paul's tech-
niqu~ is relatively fast and can be done in real time. 
Another similiar kinematic system was developed for a 
robot hy w. J. Crochetiere (6). In his paper, he proposed 
equations to describe the kinematic motion of the six degree 
uf freedom Puma 600 robot. As noted previously, 
Crochetiere•s kinematic system 1s based on the Oenav-
it-Hartenberg solution and is 'luite similiar to Paul's meth-
oJ. The cooruinate rotations are accomplished through a 
combination of matrix operations. To obtain the coordinate 
translations, though, Crochetiere used trigonometry within 
the appropriate orthographic projections. In this approach, 
a sequence of projections of the arm are constructed on 
which are defined the joint angles. He found that coordi-
nate transforms involving pure rotations can be easily mod-
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elled with matrix manipulations, while trigonometry can more 
easily handle translations. 
As with Paul's description, the base coordinates 
(X,Y,Z) dre defined to be the intersection of the axis of 
rotation of the shoulder and waist joints. The vector (p) 
locdtes the origin of the (X,Y,Z) coordinates which are 
fixed to the wrist. The three vectors (a,o,n) provide for 
orientation relative to the wrist. Vector a is the approach 
vector which initially points in the Z direction: o, the 
orientation vector, initially points in the Y direction; and 
n, the normal vector, initially points in the X direction. 
The ~ix revolute joints and arm dimensions of the Puma 600 
arc defined as: 
1. 1 = waist rotation 
2. 2 = shoulder rotation 
3. 3 = elbow rotation 
4. 4 = wrist rotation 
5. 5 = 'lrist bend 
6. 6 = flange rotation 
7. a2 = lenqth of upper arm 
8. d3 = total horizontal offset between the shoulder 
and elbow joints 
9. AJ = perpendicular distance between the elbow and 
wrist rotation axis 
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10. d4 = length of forearm 
for a physical representation of these variables, see fig-
ures 1 and 2 in reference (6). 
The kinematics of a robot are modeled by specifying the 
position and orientation of the hand due to the rotations of 
the six revolute joints. In terms of Crochetiere•s defined 
system, the vectors (N,A,O,P) must be determined as a func-
tion of the ioint angles(el,82,83,84,85,86). 
The vector, p, defines the location of the wrist and is 
determined by the first three joiut angles (01,02,03). The 
vector, o, 1s defined as px, py, pz. These three components 
o t r are given as follows (reference 6) : 
px = (Ll+L2)· cos81 - d3, sin8 1 
py = {L1 +L2)· sin81 + d3 · cos81 
pz = dLI' co.s(8:n) - a3 · sin(9J3 - a3 • sin{9~) 
where: 8.13 = e~ + s3 
L 1 = a; , cos ( 8;i ) 
L2 = d,f sin(8J3) + a3 • cos(8.n) 
(3. 6) 
The three vectors (n,o,a) are defined as having nine 
projections: nx, ny, nz, ox, oy, oz, ax, ay, az. Using 
some matrix definitions, these nine variables are given as 
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equations (14) to (22) in reference six. The twelve 
equations that define vectors (p,o,a,n) constitute the kine-
matic equations for the Puma 600 robot. The location of the 
wrist is obtained by trigonometry, while the orientation of 
the hand is obtained using matrix methods. The solution 
also is applicable to Fortran programming. 
Crochetiere's method yielded a solution which is easier 
to visualize (because of the trigonometry: see figures 1 and 
2 1n reference 6) and can be obtained faster than Paul's 
solution. Paul's solution, though, is much more flexible 
and can be applied to a wide variety of robots. 
In order to predict kinematic error, one needs a math-
ematical model that represents the robot. As noted by Paul 
(27), this model must be able to incorporate relatively 
small errors due to the differential nature of robotic 
error. Large scale errors can be handled without the use of 
uifferential transformations. Regular kinematic trans£-
ormations are all that are nec€ssary for large scale errors. 
As a result, differential transformations based on the dif-
ferential movements of the robot will need to be calculated. 
Paul (29) developed an algorithm to determine the 
inverse Jacobian by differentiating the solution to the 
kinematic equations developed in ref er ence (2 8) • The 
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inverse Jacobian is the transformation which relates the six 
individual joint angles with respect to the six individual 
positional or angular coordinates. This differentiation 
relates the differential change in the transformation ele-
ments and the differential change of each joint coordinate 
to the differential change in the position of the robot's 
wrist. Thus, it is a direct way to model the differential 
error at the end of the wrist. 
Any trdnsformation, T, can be differentiated to get dT. 
In the case of an A matrix, the result of its differen-
tiation gives a differential translation: dx 
and a differential rotation: sx + sy + sz • 
ship between T and dT is as follows: 
+ dy + dz 
The relation-
T + dT = T*(I+DT) 
where: 
I= Identity matrix 
d T= 
and 
dnx 
dny 
dnz 
0 
dox 
day 
doz 
0 
dax 
day 
daz 
0 
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dpx 
dpy 
dpz 
1 
(3. 7) 
DT= 
0 
sz 
-sy 
0 
-sz 
0 
sx 
0 
which gives: dT=T*DT 
sy 
-sx 
0 
0 
dx 
dy 
dz 
0 
(3. 8) 
The T, coordinate frame describes the end of the manip-
ulator with respect to the reference coordinate frame. DT 
represents the matrix which operates on Tc to give a new 
ma.trix, T+dT, which is dT removed from T, figure (3.7). D~ 
may be evaluated as a function of changes of joint coordi-
nates. dT~can be obtained by premultiplying OT, by Tb. If 
there were a diff~rectial change in one of the link frames, 
say frame n-1 of Dn, then the equivalent change in Tb could 
be evaluated. Once Tb is known, DTc; can be evaluated by the 
following expression: 
DT6 = (A1*A2* ••• *A6) 1 * Df\ * Un 
where: Un= (An *An- 1 ••• *A6) 
For a differential revolute change 1n D~, DTb = 06•ore-
,1 
volute*Uu , which gives T6 as: 
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Figure 3.7 
y 
The Differential Change in Coordinate Frame 
A. (source: Paul,R.F.; reference 27) 
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0 
az 
DTe, = -az 
0 
-az 
0 
nz 
0 
oz 
-oz 
0 
0 
For a prismatic ioint, ~ = 
nz 
oz 
az 
0 
(p X n)z 
( p x o)2 
(p x a)z * den 
0 
u,*Dprismatic*Un, and 
* ddn 
(). 9) 
( 3. 10) 
Writing D~ in the form of a column vector representing dif-
ferential translation and rotation yields: 
Te, * o X dq, 
Tb *d y d~ 
T<, *dz = J * dq3 
Tf, * ~-x dq'i (3. 11) 
Tc;* aY aci; 
T(, *oz dqe, 
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where: dgi = d9i for a revolute joint, dqi = ddi for a 
prismatic joint, and J represents the Jacobian. 
The Jacobian is the matrix which relates the joint 
coordinates (joint positions) to the wrist end coordinates 
(wrist position and orientation). The wrist end coordinates 
are obtained by premultiplyinq the Jdcobian by the joint 
coordinate matrix. The Jacobian allows one to calculate the 
change in Cartesian coordinates of the end of the wrist 
knowing the chan4e in joint coordinates. For a six joint 
robot, the basis tor the Jacobian is the equation: 
Tt = A1 * A2 * AJ * A4 * A5 * Ao 
From this series of six transformations, the following 
equdtion can be derived (reference 29): 
ax d 1 X d2x dJx d4x d5x d6x dq( 
dy d1y d2y d)y d4y d5y d6y dq;) 
dz = d1z d2z dJz d4z d5z d6z * dq3 (J. 12) 
6X s1x l2x tJx l4 x isx &6x dq'\ 
SY S1y l2y 6Jy &-4y ~Sy S6y d'Is 
r; z b1Z ti2z f;Jz S4z 65z S6z dqc 
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The Jacobian is a 6x6 matrix which gives the change in 
µosition and orientation of T~ (the wrist coordinate frame) 
as a function of all six joint coordinates. The controller 
uses the Jacobian to move the joints so that a certain posi-
tion and orientation of the wrist coordinate frame can be 
obtained. Each column of the Jacobian consists of a trans-
lation and rotation vector corresponding to changes of each 
of the joint coordinates. For the differential transforma-
tion, the matrix Jacobian consists of columns of the form: 
revolute prismatic 
(p X n) 2 nz 
(p X O )z. oz 
(p X a)z az 
nz 0 
oz 0 
az 0 
~here n,o,p,a are the columns of U. Paul gives the solution 
for equation 3.12 as equation (18) in reference (29). Using 
his method allows for an efficient calculation of the dif-
ferential change in ioint coordinates. 
This section on kinematics is the basis for the math-
ematical control of the robot's motion. Once a complete 
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31 
The Jacobian is a 6x6 matrix which gives the change in 
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obtained. Each column of the Jacobian consists of a trans-
lation and rotation vector corresponding to changes of each 
of the joint coordinates. For the differential .transforma-
tion, the matrix Jacobian consists of columns of the form: 
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(p X a)z az 
nz 0 
oz 0 
az 0 
where n,o,p,a are the columns of U. Paul gives the solution 
for equation 3.12 as equation (18) in reference (29). Using 
his method allows for an efficient calculation of the dif-
ferential change in ioint coordinates. 
This section on kinematics is the basis for the math-
ematical control of the robot's motion. Once a complete 
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understanding of the robot's kinematics is obtained, then a 
mathematical model of the robot's motion can be generated. 
The geometric parameters (~ 1 0,d,a) of a robot are used as 
the basis for this model. These parameters are manipulated, 
using matrix algebra, to obtain the correct model of the 
robot's kinematics. 
Before we can implement a kinematic model incorporating 
error, the physical causes of the error must be completely 
understood. After all, it does no good to model the error 
if the model does not accurately reflect what is physically 
present in the robot. The following section will define all 
significant sources of error in a robot manipulator. The 
sources of error identified will be explained fully enough 
so that in a subsequent chapter (error budgeting) each 
error's relative size and error-to-error interaction can Le 
determined. 
3.2 __ B0BOTIC_ERROR 
This section on robotic error gives a general overview 
of the sources of robotic error. In a subsequent section 
(robotic error sources), the details of the error and their 
equations will be given. 
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Perreira et. al. (30) represented a generic robot in 
block diagram form, figure (3.8). In any one of the blocks 
represented in figure(3.8) there is the potential for the 
generation of error. First, the 
represented by the tdsk planner 
motion planner, which is 
and task decomposition 
blocks, generates the desired position and orientation of 
the drm. These computations are based on the kinematic 
arrangement and configuration of the robot and are quite 
intensive. As a result, the number of significant bits as 
well as the accuracy of the kinematic algorithm may lead to 
system error. The bulk of these errors occur when solving 
the forward and reverse Jacobians. The number of signif-
icant bits is of importance because of the large number of 
trigonometric and inverse trigonometric solutions needed to 
solve the Jacobian and inverse Jacobian. The Jacobian is 
the matrix (operator) which gives the Cartesian coordinates 
at the end of the wrist knowing the joint positions. The 
inverse Jacobian works in the opposite direction. It allows 
one to obtain the joint positions knowing the Cartesian 
coordinates at the end of the wrist. The solution to the 
Jacobian and inverse Jacobian can have as many as 80 sepa-
rate operations {trigonometric, multiplication, division) 
(reference 28). For normal robotic operations, the Jacobian 
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is solved up to 30 times a second (reference 30). As a 
result, many functions must be solve in a short time frame 
in order to obtain the correct kinematic solution to the 
robot. A computer that has a larger 
bits will be able to more accurately 
number of significant 
calculate these tune-
tions which will result in minimal error. 
In addition, the kinematic 
refl~ct the physical structure 
arrangement must accurately 
of the robot system. The 
kinematic algorithm will usually have errors because third 
and higher order terms are usually truncated in the interest 
of computational speed. The kinematic mathematical 
expressions for a robot assume that the links of the manipu-
lator are assembled with perpendicular pair axes with known 
offsets or axes that have no offsets. Such assemblies are 
not exactly attainable in practice such that errors will 
rPsult from a mismatch between the physical robot and the 
mathematical expression representing the robot. Errors on 
the assemblies also change due to wear of the robot. 
One other. source of algorithm error is the use of a 
series of Cartesian positions to describe the trajectory of 
the robot's tool center point. This error arises in the 
servo control block of figure (J.8). The controller must 
plan the corresponding joint motion for the robot. Most 
36 
controllers utilize some method of path approximation to 
obtain the path of the joints. These paths, though, are 
approximations to the actual path the joint moves through. 
As a result, error develops because of the generation of 
this path. 
In a paper done by Lin and Chang (22), kinematic con-
trol of the path of a robot was obtained with the use of 
cubic polynomials. The cubic polynomials provided the 
end-of-arm trajectory for the robot•s arm. They divided the 
problem of moving the robot's arm into two parts. First, 
optimum path planning was done for off-line processing. This 
was followed by on-line path tracking. The path planning 
was achieved at the joint level. With the use of cubic 
splines, the individual joint trajectories can be obtained. 
A series of points in spdce, termed knots, specify the 
motion, position, and orientation of the tool center point. 
For an N-joint robot, each knot is transformed into N sets 
of joint displacements. Each of these knots is connected to 
its previous knot by the use of splines. These splines are 
equations that describe the path between all knots, and Lin 
and Chang used cubic polynomials to describe these splines. 
Thus, for each of the N joints of their system, cubic polyn-
omidls are used to fit tbe sequence of joint displacements. 
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The path for the tool center point specified by the 
cubic polynomial is constrained in Cartesian coordinates and 
the actuator torque/force at each joint. Lin (22) proposed 
to convert the joint torque/force bounds into Cartesian 
bounds. Lin's method used a cubic spline function to con-
struct the joints trajectories. For n Cartesian knots 
selected, only n-2 equations need to be solved. The spline 
functions were defined in terms of the time interval between 
adjacent knots. The problem that results is that a large 
number of constraints is needed to minimize the total trav-
eling time. For this optimization process, the idea of a 
flexible polyhedron search was adopted. This technique pro-
duced a new and better knot for the polynomial. This knot 
replaced the current knot and served for the formulation of 
a new polyhedron for the next search. The search direction 
was obtained using n knots in the variable space and a poly-
hedron search technique. 
Using Lin's approach, it takes a relatively long time 
to compute and spline the functions together. Lin used 
X-splines to alleviate the real-time problem that polynomi-
als have (reference 22). x-spline functions only require 
local fitting for curve fitting and thus have real-time 
applications. The computation of the optimal time interval 
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and the spline function can be done off-line. The spline 
functions are then used as the joint trajectories for the 
on-line operation. As a result, only the calculation of the 
joint torques/forces must be calculated, but not the calcu-
lation between joint and Cartesian coordinates. This is done 
off-line and allows an increase in the sampling frequency. 
Lin et. al. (20) utilize Paul's definition of the A 
matrix, or the H matrix as they refer to it, defined as: 
H { t) = n(t)s{t) a(t) p(t) 
0 0 0 0 
where: p= position vector 
d= unit approach vector 
s= unit slide vector 
n= unit normal vector 
Fefer to figure (3.9). The hand is required to pass through 
a sequence of n hand matrices (H1, H2, HJ ••• Hn) for n knots. 
To construct the joints trajectories, n knots are trans-
f or med into joint vectors, 9n111 , which is the displacement of 
ioint N at knot n. For all time intervals {n) the 9n1v val-
ues along with the velocity and acceleration are determined. 
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Let Qi(t) be the cubic polynomial defined over the time 
interval (ti, th1). In this approach by Lin et. al., all of 
the Qi(t) for i= 1,2, ••• ,n-1 are splined together such that 
the required displacement, velocity, and acceleration are 
satisfied. Q' (t) must be a linear function of t due to the 
fact that Q (t) is a cubic function of t. Q" (t) is expressed 
cl s: 
Q" (t) = (3.13) 
Integrating Q"(t) twice and imposing the conditions 
Qi (ti) =gi and Qi (trrl) = q,jt 1 leads to the following interpo-
( J. 14) 
, · . , I : I.), 1 n-1 
For i=1,2,J ••• n-1, Qi (t) can be obtained if Qi' (ti) and 
Qi"(ti are known. A system of (n-2) linear equations 
solving for unknowns Qi"{ti) 's are derived in Appendix A of 
( 2 2) • 
The error involved with the X-spline function arises 
due to the fact that the hand position and velocity change 
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,, 
continuously. As a result, the joint trajectories that cor-
respond to the Cartesian path must be continuous functions. 
Johnson (4.2) deals with this error by using Weierstrass 
approximation to calculate the error. This theorem states 
that for a polynomial P(t) of degree N, there exists an ine-
gua li ty: 
q-P (t) <E 
where: q= actual joint trajectory value 
E= Error bounds 
(3. 15) 
The assumption in this approximation is that the desired 
Cartesian path 1s Nth order differentiable. 
Errors would also result from the truncation of the 
second order terms of the X-Spline functions. These usually 
are not accounted for in the interest of computational 
speed. 
The output of the motion planner is the input for the 
robot controller. Errors in the controller result from 
finite digital sample time, when digital contollers are 
used, and for analog controllers, errors result from the 
selection of the controller gain. The desired gain depends 
mainly on the payload and the kinematic configuration. For 
fixed gain controllers, the choice of gain is between a 
small lag slow speed motion and a high lag fast speed 
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motion. A gain is usually chosen so that minimal overshoot 
is obtained. For variable gain controllers, the gain is 
monitored and adjusted so that the overshoot is minmized. 
This results in a reduced error. 
Another source of error generated in the servo loop of 
figure(J.8) is the deadband (reference 14). The deadband is 
defined as the largest allowable input into the system which 
results 1n no change in the output. This error is highly 
nonlinear. It is caused by errors throughout the robot con-
trol system, but most of the error originates from the servo 
control system. When the robot is commanded to a specitic 
position, it actuallly comes to rest anywhere inside the 
deadzone. This type of error is quite random in nature 
Lecause it nepends on friction, gravity, and link dynamic 
interactions. The randomness of this error is caused mainly 
because as the speed and the arm configuration change, the 
balance between the friction, gravity, and dynamic forces 
change, thus changing the deadzone position. Because of its 
randomness, the deadband is sometimes referred to as sto-
chastic kinematic error (reference 14). 
Figure (3.10) indicates how a single joint is affected 
by the ''dcadzone-type" errors. Case A shows how the joint 
is affected by a uni-directional deadzone. This area is the 
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Figure 3.10 
\ Direction X 
Definition of UDJR (Uni-Directional Joint 
Repeatability) and BDJR (Bi-Directional 
Repeatability). (source: Harry,D.R.; 
reference 14) 
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deadzone when the joint position is approached from one 
direction. 
The joint may totally overshoot the deadzone and return 
from the other side, which case B represents. The joint 
also may come to rest somewhere in the middle of the dead-
zone-case c. The term UDJR (Uni-directional Repeatability) 
is the deadzone as approached from one direction, while the 
ilDJR (Gi-directional Joint Repeatability) bounds the dead-
zone as it 1s approached from both directions. Figure 
(3.11) shows the affect of combining all six joint deaa-
zones. This results in the UDJR being bounded by the 
Uni-Path Pose Repeatability (OPPR) sphere. The combination 
of all six UDJRs and BDJEs of the individual joints results 
in the volumetric shapes of figure (3.11). Also, BDJRs tend 
to be bounded by the Multi-pdth Pose Repeatability (MPPR) 
sphere. The servo loop is also affected by noise and drift. 
Noise and drift are factors that play major roles when feed-
back sensors are used. The drift affects the mean value and 
the resolution of the transducer and, thus, the measurement 
of the feedback sensors. 
Errors also arise in the drive system. They are caused 
by the drive signal amplification and the actuators. These 
errors are primarily due to offsets, nonlinearities, time 
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lags, stepper motor resolution, and d.c. servomotor hyster-
esis (reference 30). 
The final sources of error are in the system compliance 
and account for the major source of position error (refer-
ence 18). The compliance errors describe the error result-
ing from the mechanical operation of the robot's arm. These 
are mostly caused by gravitational and frictional forces. 
System compliance error begins at the actuator/linkage 
interface and ends at the linkage/desired position inter-
face. The system compliance error can be divided into three 
categories (reference 18): 
1. Dimensional inaccuracies 
2. Structural deformation 
J. Joint compliance 
Dimensional inaccuracies result from the machining and 
assembling tolerances of joints and links, bearing runout, 
and joint concentricity of the associated links. Runout is 
caused by the eccentricity between the rotational axis of 
the gear and the exact center about which the teeth were 
generated. This causes a non-circular motion of the teeth. 
Static error can also arise from structural deformation. 
For example, structural deformation errors are caused by the 
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bending and stretching of the "nonrigid" links. These 
errors are most pronounced in the arm-loaded condition. 
Joint compliance involves the error which results from the 
linkage between the actuator and the joint. Joint compliance 
is dssociated with the stiffness at each actuator to link 
connection and may be either mechanical, hydraulic, or pneu-
matic in nature. The error results from the "play" between 
t~e actuator and the joint. As a result, the actuator can 
r.ot put the joint in an exact spot. 
In research done by Harry (14), he found that there 
were four major classes into which robot error could be 
resolved. Harry broke the error into more general catego-
ries than Perreira. Perre1ra's error categories were more 
specific and qave the physical causes of the error. Harry 
labeled the error categories by a general description in 
which all individual sources of error in that category have 
1n common. In each category, the error description has 
several underlying errors which contribute to the general 
error of that category. 
1. Digitization error 
2. Calibration error 
J. Deterministic error 
4. Stochastic Kinematic error 
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The main cause of digitization error is the digital 
nature of the controller. There are only a finite number of 
positions which the robot can be commanded by the controller 
to reach, and error results because of the infinite number 
of desired position that can be inputted into the robot. 
The main sources of digitization error include computer 
rounJotf errors, transendental functions errors, and digital 
encoder resolution. 
Computer roundoff causes the computer to give an 
approximate number to a solution rather than the exact sol-
ution. Por example, a computer can not give an exact number 
for p1 (TI) because pi has an infinite number of digits. 
The computer is limited to the number of digits by its num-
ber representation. Computer roundoft errors can be signif-
icant if the robot controller uses a scaled integer 
representation of Cartesian and angular coordinates (refer-
ence 14). A floating point number representation of the 
Cartesian and angular coordinates is more accurate which 
will result in very small roundoff errors. 
Transcendental function errors will be large it trig-
onometric series are t~rminated after a few terms. Tran-
scendcntal functions allow the computer to calculate 
trigonometric functions which are frequently used in solving 
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robot kinematic equations. Errors arise because these tran-
scendental functions do not exactly represent 
metric functions. Errors in these will be 
the trigono-
large if the 
series expansion of the trigonometric function is terminated 
after a few terms. 
Digital encoder errors arise because each robot link 
can only position itself in discrete locations. Figure 
(3.11) shows this 3-dimensional error as haviny a cubical 
shape. Factors which may significantly affect the digitiza-
tion error include: robot kinematic structure, number repre-
sentation 1n the controller, encoder resolution, and 
transformation method. 
The calibration error is caused by the actual joint 
coordinates in the reference position differinj from the 
controller joint coordinates. This type of error is usually 
a constant otfs2t between the desired and actual joint coor-
Jinates for each link. When these errors are compounded 
along the kinematic chain or the robot, the calibration 
er~or cdn vary widely over the working sphere of tbe robot. 
factors which affect the calibration error include: kinemat-
ic structure, position and losses of encoder bits. 
Deterministic error is caused by the differences of 
link configuration that the controller uses and the actual 
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link configuration. This type of error results in a smooth, 
curvilinear offse~ from the desired position. 
The final source of position error noted by Harry (14) 
is the stochastic kinematic error. This error can be 
defined as 11 deadzone 11 that the robot can be moved through 
without an error si1nal being detected. The major sources 
for this error include: 
1. Digital encoder resolution 
2. GPar Lack lash 
3. Servoloop steady-state error 
It the rotot is commanded to move to a specified spot, 
it can move to any position inside the "deadzone". The 
deadzone descrihe~ the volume in which the robot can move 
and still have the same ~osition recorded in the controller. 
The exact spot insiie the "deadzone" where the robot will 
stop is a complex mathematicdl function of friction, gravi-
ty, and link dynamic interaction (reference 14). This error 
is also known as the repeatability, i.e., the ability of the 
robot to go hack to a previously taught position. This "de-
ddzone" has both linear and angular components. That is, 
there is a deadzone in position and there is also what can 
be thought of as an orientation deadzone. In figure (3.11) 
these two deadzones are in reference to position coordinates 
and orientation coordinates. The direction from which the 
robot is coming also affects the error. There is, by def i-
ni tion, a uni-directional repeatability in which the error 
depends on the approach from a single direction. A 
bi-directional repeatability error is the bounds on all of 
the rest positions in the deadzone when approached from both 
directions. 
Another major source of kinematic error arises from the 
uperation of the gears of the robot. Work has been done by 
Dagalakis (5) on the performance (error) of robot gears. He 
analyzed the effect ot the gear meshin~ distance (two gears' 
center-to-center distance) 00 the accuracy of the link posi-
tioning. The baseline was defined as the optimum gear cen-
ter-to-center distance where friction is minimum and 
accuracy 1s maximum. If the center-to-center distdnce is 
too large, bacl{lash occurs. Backlash is characterized by 
looseness between year teeth and excessive wear of the teeth 
caused by gear on ~ear imp~cts. If the center-to-center 
distance is less than the baseline, then excessive pressure 
1s applied to the gears. 
In his wock, Dagalakis tested 
gear operation on the joint drive. 
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the effect of impropec 
Dagalakis described a 
coherence factor that was on a scale from zero to one. In 
his analysis, this coherence factor was defined as: 
Q(f) = Sxy(f) /(Sxx(f) x Syy(f)) (3.16) 
where Sxx = the averaged function of x. 
Syy = the averaged function of y. 
Sxy = the averaged function between x and y. 
The coherence factor, o(f), can be interpreted as the frac-
tion of the output, y, which is linearly due to the input, 
x. x represents the gear input drive, and y represents the 
output gear drive. A reading of one represented the base-
line position. Any other year position caused the coherence 
factor to decrease below one. A large coherence reading 
means that the two gears are approaching linear meshings. 
Daqalakis found that at low frequencies (frequency input 
signal = .5-10 Hz), the coherence value was low. When the 
frequency reach2d about 26 Hz, resonance was reached, and 
the coherence value for the baseline case was one. A looser 
fit (1.S turns from baseline) gave a much lower coherence 
value at the resonance frequency and also at a higher fre-
quency (45 Hz). For hiyher f.[equencies, though, the tighter 
fit coherence value stayed even with that of the baseline's. 
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As a result, high frequency signals are most sensitive to 
gear meshing nonlinearities. Dagalakis•s tests also showed 
that coherence (linear qear meshings) is more sensitive to 
backlash than to a tight gear configuration. 
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4.0_ BOBOTIC_BBBOK_SOORCBS 
I j 
Based on the discussion of robot error sources in the 
literature review, one objective of this thesis is to devel-
op an overall error budget scheme. It should be remembered 
that this scheme is for a generic robot, and that while a 
source of error may be significant to one robot, that same 
source of error may be insiynificdnt or not even applicable 
to a different robot. The error budyet scheme developed is 
applied to a PU,A 560 robot. 
From the description of error sources by Perreira and 
Harry, a subsystem of robotic error was obtained and is the 
basis for table 4.1. From table 4.1, the sources of error 
are divided into four groups. 
Table 4.1 Subsystems of Robotic Error 
1. Task Descriµlion (Computer) 
-kinematic arrangement 
-calibration 
2. Controller 
-deaJband 
-deterministic errors 
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-digitization errors 
3. Drive System 
-signal amplification 
-nonlinearities 
4. System Compliance 
-dimensional inaccuracies 
-structural deformation 
-environmental factors 
4.1_ COftPUTBB_COHSIDBBATIOIS 
In the computer category, error ar1ses frow the compu-
tational scheme of the various functions (eg. transcenden-
tal, etc.) that are represented by a power series expansion 
of the computer. The expansion of such functions, P(x), by 
the computer can be represented by a Taylor series expansion 
as {reference 33): 
N 
p ( X) 
I lJ) 
7i- (f {x) * (X-a)) J. 
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( 4. 1) 
where the polynomial is centered 
at a and is a solution for P(x), and 
(J) • h d . . f f(x) = Jt en.vat1ve o P(x). 
The error that results in the size of n (i.e., the trun-
cation of the expansion). For example the error that 
results for the calculation of sin(x) when n = 3 is: 
Error in sin (x) 
j=4 
I 
7i" sin 
J. 
Errors also arise in the kinematic arrangement (config-
uration of the robot) and result from errors in the calcu-
lation of the kinematics and the accuracy of the kinematic 
model. Accuracy refers to the ability of the kinematic 
structure to, within certain limits, correctly model the 
robot structure. This error results from the controller's 
kinemdtic model of the robot beinq different from the actual 
confi~uratiou of the robot. This is sometimes referred to 
as the jeterministic error. The controller uses the kine-
matic moael to relate the position of the robot's wrist to 
the position of the joints of the robot. If the kinematic 
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model is not accurate, error will result. Errors result 
because the actual location of the wrist might be different 
from the position specified by the controller. For example, 
the controller used the kinematic model to drive the joints 
in order to put the wrist at (X=5, Y=6, Y=7). The control-
ler may have specified this, but in actuality, it has moved 
the wrist to the position (X=5.1,Y=5.9,'l=7.2). Thts error 
is due to the kinematic model not exactly modeling the phys-
ical configuration of the robot. Imbedded in these errors 
are the ioint trajectory errors. As previously mentioned, 
these trajectories plan the path of the robot's joints. 
Errors in joint trajectory cause the joint motion to deviate 
from what was prescribed by the kinematics. The major 
source of error 1n the trajectory motion arises because the 
hand position and velocity change continuously (reference 
19) • The functions ( X Sp lines) that represent the tr ajecto-
r y motion, thou~h, are not continuous and thus error is gen-
erated. The equation for this error was given by Lin (22) 
as: 
q-P(t) < E 
where: g= actual joint trajectory value 
P{t)= X-Spline polynomial 
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( 4. 2) 
E= Error bounds 
In addition to kinematic error, there exists a cali-
hration error. This error results in a constant offset 
from the correct kinematic structure. Calibration errors 
arise mainly when the robot's reference coordinate frame is 
not at the origin of the base coordinate frame. Kinematic 
calculations assume that the robot is at the origin of the 
base coordinate frame. Offset errors are generated when 
these two coordinate frames do not coincide. Errors are 
cdused when the robot's reference coordinate frame is phys-
ically moved from the base coordinate frame. The robot's 
Lase coordinate frame represents the starting point (origin) 
of its kinematic structure. The reference coordinate frame 
1s d frame which relates the position of other objects in 
the robot's working volume to the robot. To alleviate this 
caliLration problem, the robot is periodically calibrated. 
This calibration involves moving the joints to their esti-
mdted zero position ((O,O,O,)in the reference coordinate 
frame). The Cartesian position represented by the T<, matrix 
in the real world is compared to the r, matrix of the manip-
ulator as seen by the controller. The controller calculates 
the manipulator's 'f6 by the use of kinematic equations 
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and/or transformations. There will be a difference between 
the real world T and the manipulator T(,. The robot refer-
ence frame is moved until this error is within a specified 
limit. Usually, the robot is calibrated many times during 
its operation to correct for this error. The equation for 
this error is given in reference (27) as: 
calibration error= RCF-BCF (4.3) 
where: BCF= Reference cooordinate frame origin 
UCF= Base coordinate frame origin 
,.2 __ COHTBOLLEB_COISIDEBATIOIS 
The next major source of error is caused by the con-
troller. The control loop of the robot may be either open 
or closed. A closed loop system utilizes feedback control 
while the simpler open loop 
trol refers to a control 
sensed and compared to the 
system does not. Feedback con-
system in which the output is 
input signal. The difference or 
error between these signals is used to obtain a new input 
siqnal. Figure 4.1 illustrates a typical schematic of a 
closed loop robotic system. The system input is the refer-
ence position of the joint, while the output is the mechan-
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Figure 4.2 Structure of an Articulated 6-axis Open-loop System. (source: Koren, Y.; reference 17) 
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ical drive to the shaft. An open loop system utilizing 
stepper motors is shown in figure 4.2. It is a very simple 
way to convert electrical pulses to mechanical movement. 
Because an open loop system does not use comparative tech-
niques, it 1s not as accurate as the closed loop system. As 
a result, the error in the open loop system can not be cor-
rected. For the specific case of figure 4.2, the error in 
the open loop system depends mostly on the stepper motor. 
The stepper motor must convert the input signal from the 
drive into an incremental movement of the motor. The error 
1s a function of the resolution of the motor, or the motor's 
step size. This error is qiven by the equation (reference 
17) : 
ES= 360/N 
where: N = number of rotor teeth 
ES = error in step size ( 0 ) 
( 4. 4) 
Au error is also generated in a stepper motor which is 
proportional to the load torque. This relationship is given 
(reference 34) as: 
ee = arcsin(-Tl/Tpk)/P (4. SJ 
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where: P = #of rotor teeth 
Tl= load torque applied to rotor (N*m) 
Tpk = peak static torque of 
motor (N*m) 
Se= Stepper motor error due 
to torque ( (')) 
It should be noted thdt most industrial robots utilize 
~ closed loop system with a DC servo motor where the posi-
tion of each joint is measured and used as a comparative 
signal. 
In such DC servo motor closed loop systems, the control 
of the sign,d to the servo motor may utilize a voltage 
dmplifier or a current amplifier (See figures 4.3 & 4.4). In 
a voltage amplified system, the velocity of the arm is the 
variable that is control led (reference 17) • The main adv an-
t a qe of such a system is that when the moment of inertia of 
the arm changes, the force and torque to the arm change 
resulting in the control of the arm speed. The arm is 
always able to approach the target smoothly and at a slow 
speed. The current amplifier circuit uses the torque as the 
control variable. The advantage with this system is that 
when an immovable obstacle is encountered, the arm maintains 
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a constant torque (as opposed to velocity in the voltage 
amplified circuit) and does not try to move throuqh the 
object. However, problems arise because the devices that 
measure the moment of inertia at each joint are sometimes 
not exact enough to get an accurate calculation of the
 tor-
que. In order to understand the occurence of error in
 the 
current ~mplified and the voltage servomotor control 
sys-
tems, a main obiective is to analyze the system by consi
der-
ing the analysis of each component of the servo 
motor 
control loop. 
In the current amplified control loop, the current 
amplifier produces a current to the servomotor which is 
pro-
portional to its input voltage and has a high output res
ist-
ance (See figure 4.3). 
I = KA· V-4 
where: ~=proportionality constant 
~=input voltage (volts) 
I = output current (amps) 
( 4. 6) 
For a fixed gain controller, the second o~der equation w
hich 
represent~ the system is given by Koren (17) as: 
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vhere: 
t+ 2·J·cc· S +c...:a=O 
s = anqular position ( 0) 
K, = proportional gain 
KJ = derivative qa1n 
J = moment of inertia (Newton x meter) 
c5' = K1 /2·YJ x K1 
c.J =~KJ/j' 
( 4. 7) 
Errors arise in this system because the gain is fixed (ref-
erence 17). This causes an overshoot in the calculation of 
the angular position, s. When the system is stable, the 
rtamping term,d, equals 1. This can not occur because the 
dampinq factor depends on J which depends on the manipulator 
load dnd the position of the arm. Errors result because 
there is only one value of J that will give a critically 
damped system. All other values of J which, in essence, 
each correspond to a different joint position, give values 
other than 1. The error that results for steady state con-
ditions is given by: 
E = 0~ - e8 = T /K 
vhere: ~=angular position attempted (°) 
~=angular postion obtained ( 0 ) 
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( 4. 8) 
T = Torque caused by gravity (Newton x Meter) 
The one variable that the desiyner can control in order 
to reduce the steady state error is the derivative gain of 
the system (reference 17). It might seem obvious to make 
the gain large so that the error will be reduced. If the 
gain is decreased too much, the second order system depicted 
by equation 4.7 may become unstable, and a solution will not 
be obtained. As a result, a compromise must be reached 
between a high gain, which might cause the system to become 
unstdble, and a low gain which might result in steady state 
position error. Error also results because the actual tor-
que of the arm may not be the same as that sensed by the 
torque measuring device. 
An alternative control loop involves the use of a volt-
aqe amplifier (reference 17). 
speed of the robot by providing 
proportional to the input voltage 
This system controls the 
an output voltage that is 
and is capable of supply-
ing the current for the motor. The loop of a typical con-
trol loop using a voltage amplifier consists of a voltage 
amplifier with a gain, ~, the DC motor, and a tachometer 
(See figure 4.4). The tachometer is a velocity feedback 
device with d gain of Kr. The equation describing this sys-
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tern is similiar to the current amplifier system. It is giv-
en as follows (reference 17): 
where: 
t + 2· W·S + ,,::/ = 0 
d = 1/ (2~K·l1 ) 
w= K/'{i' 
Kc= proportional gain of controller 
L = c).. J/Kf 
J.,_ = 1 / ( I + KA KF / K,., ) 
K"' = motor qain 
KF = tachometer gain 
~=voltage amplifier gain 
J = moment of inertia (Newton-Meters) 
( 4. 9) 
In comparing these two different circuits, the deriva-
tive control (gain) is not neccessary in the voltage cir-
cuit. A proportional controller gain, Ke, is sufficient for 
proper damping (control) of the system. Since& is propor-
tional to the inertia, J, this circuit, like the current 
amplifier circuit, has a damping factor which which depends 
on the changing moment of inertia. This voltage loop also 
has a torque-dependent position error at steady state. The 
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error for the voltage amplified system is given by the fol-
lowing equation (reference 17): 
(4. 10) 
To counteract the effect of the torque which causes the 
stationary error, both control loops may utilize an integral 
or proportional-integral controller. The integral part of 
the control equation corrects the signal based on the time 
inteqral of the error (reference 23). The use of an inte-
gral controller must be done with careful choice of gains. 
The integral action tends to make the system unstable, but 
it does eliminate the steady state error. 
A block diagram of a voltage amplified closed loop con-
trol system is shown in figure (4.5). This diagram repres-
ents the control loop for the Stanford Arm Manipulator. The 
static postion error generated by this system is based on 
equdtion 4. 9. Starting with this equation, Nof (26) derives 
a static position error equation for a joint of the Stanford 
Arm Manipulator: 
E ( s) = ( ( R *Jeff * sd + ( R * Be ff + Ki (Kb + K 1 * Kt) s) e ( s) ( 4. 11 ) 
+ n*R (Cf+ Cq + n*Cl)/s)/JL(S) 
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C, 
where: e(s)= generalized command input (), and 
Beff = effective damping coefficienc 
at the actuator shaft 
Cf= Friction torque (N*m) 
Cg= gravitational torque {N*m) 
Cl = Centrifugal torque (N*m) 
Jeff= effective inertia (oz-in-sec /rad) 
Ki = Torque constant (oz-in/dmpere) 
Kb= Back EMF constant (volts-sec/radian) 
Ke= Conversion constant of 
optical encoder (volts/rad) 
K1 = qain of amµlif ier (volts/volt) 
Kt= tdchometPr constant (volts-sec/rad) 
Rm = Pitch radius ot year at actuator shaft (in) 
6s = Pitch radius ot gear at load shaft (in) 
n = Hm/Rs 
R = resistance of armature winding (ohms) 
s = Frequency of armature circuit (rad/sec) 
.JL (s) = 5*Jef f*s1 + (R*Deff 
+ Ki (Kb + K 1*Kt)) s + n*K~ *Ki 
This equation gives the position error of a single joint of 
the Stanford Arm Manipulator. There are six joints of the 
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Stanford Arm Manipulator, and each joint's position error is 
given by equation 4. 11 with the appropriate constants for 
that particular ioint. 
Error also can be generated in the control loop by the 
digital-to-analog converter. In order for the servomotor to 
utilize the controller's signal, the digital signal must be 
converted into a continuous signal. The digital-to-analog 
converter (DAC) accomplishes this, but the accuracy of this 
conversion depends on the resolution of the converter, and 
the resolution depends on the bit capacity of the converter. 
The error equation is given as: 
rl EC= VR/2 
where: N = # of bits in the DAC 
VR = voltage range of DAC (volts) 
EC= Converter error (volts) 
(4.12) 
The controller, itself, has digitization error. The 
controller sends out pulses to the DAC. These pulses are 
digital signals that represent the position of the robot's 
joint. The resolution of this operation depends on the bit 
representation of the controller. Controllers usually use 8 
or 16 bit registers. Each digit represents a particular 
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position on the axis of motion. A 16 bit register allows 21i 
= 65536 different positions to be obtained. If, for exam-
ple, the total range of a joint is 327 degrees, then 65536 
positions can be obtained with (327° /65536)= 0.005 degrees 
between adjacent positions. Thus, the controller accuracy 
1s !0.005 degrees. The controller produces an error of 
!0.005 degrees, and this error will be greater with an 8 bit 
number representation. The general equation for the con-
I 
troller error 1s similiar to the DAC error equation and is 
given as: 
N Econ= CR/2 
where: N = # of bits 1n controller register 
CR= Controller ranqe (in) 
Econ= Controller error (in) 
(4.13) 
In the closed loop system, error is also caused by the 
feeJback portion of the system. This usually consists of an 
encoder and a counter (See figure 4.6). The encoder con-
verts the position or torque of the joint into a digital 
s ig na 1 ( pulse) so that the s ig na l can be processed by the 
controller's computer. The counter is used to synchronize 
the operation of the computer and encoder. The counter 
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stores the encoder information and lets the computer read 
this information at specific time intervals. This informa-
tion is checked at appropriate time intervals (every Tb sec-
onds in figure 4.6) and compared to the required end point 
position. If the actual position is different than the 
desired position, then an error signal is sent to the con-
troller to be processed in a specified control algorithm. 
Otherwise, the goal position is reached, and a signal is 
sent to the supervisory computer. 
Error results in the system as described above due to 
the finite digital sampling time, Tb • Error can be reduced 
by reducing the sampling time. This allows the computer to 
acquire more accurate information about the present status 
ot the ioint position. A generalized equation for the sam-
plin~ time error is qiven as follows (reference 12): 
STE = K/Tb - min 
where: K = proportional constant 
Tb= Finite digital sample 
ti me (sec) 
c.Jmin = Natural frequency of a 
second order control 
system (red/sec) 
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(4.14) 
Error is also generated by the encoder. The encoder for a 
joint is a rotating disk which has alternating opaque and 
transparent sections. These sections alternate along the 
radius. A light source is placed behind the disk. As the 
disk rotates, pulses are generated by the transparent sec-
tions. The rate of these pulses per minute is proportional 
to the joint shaft .speed and, thus, propor-tional to the dis-
plac~ment Jf the joint (reference 17). 
Ds = Ki*Pr (4.15) 
where~: Us = displacement of joint (inches/min) 
Pr = encoder pulse rate {pulses/min) 
Ki = proportional constant (inch/ pulse) 
These pulses arc accumulated by the counter and read by the 
computer at specified time intervals. The major source of 
optical tachometer error is due to the concentr-icity of the 
optic<ll disc. The concentricity err-or results from the 
shaft center being displaced by a small distance from the 
geometric center of the disc. The e~uation for the concen-
tricity error is yiven as (reference 12): 
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Fte = 2*rrr/R*sin(9) 
where: Fte = error of output freqency (Bz) 
B = radius of disc (in) 
lJ = angular velocity of shaft (rad/sec) 
8 = shaft angle = W*t {rad) 
r = distance between the center of 
the disc pattern and the center 
of rotation (in) 
(4.16) 
The resolution of the encoder can also cause error. The 
resolution is directly related to the spacing of the alter-
natinq transparent and opaque zones. A smaller spacing 
results 1n a higher resolution. The higher resolution 
reJuces the error caused by the digital encoder. A simple 
equation for the encoder resolution error is given as (ref-
erence 17) : 
ES = 360 /Nd 
where: ES= Error in resolution () 
Nd= Number of encoder divisions 
(4.17) 
By increasing the resolution of the encoder (also known as 
the open loop gain), the closed loop control system may 
76 
become unstable. As a result, the designer must make a 
trade off between high encoder resolution and the stability 
of the system. 
q.J __ lCTOlfOB COISIDBBlT!OI~ 
A section of the robot manipulator that interacts 
directly with the control system is the drive system. Most 
drive systems are either hydraulic or electromechanical in 
nature. 
Hydraulic systems are well suited for large robots 
neeJing large amounts of power. Figure (4.7) represents a 
typical hydraulic drive system {reference 17). The pump 
provides the power for the axial movement. Errors arise in 
this system because of leakage of the transmission fluid. 
Another error source arises trom a pressure drop in the 
hydraulic system caused by the transmission lines and from 
the viscosity variations with transmission fluid temper-
ature. Leroy et. al. (20) related the pressure drop to the 
transmission lines and viscosity as (reference 20): 
Pf = 32*L*u*f /D (4.18) 
where: L = length of passage (in) 
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u = viscosity of fluid (lbf-in';tlbm) 
f = density of fluid (lbm/in3 ) 
Pf= Pressure loss (lbf/inJ) 
The temperature effect on the viscosity is (reference 20): 
log(log(u+.8)) = n*log(T) +C 
where: T = absolute temperature (K) 
n and C = constants of fluid 
(4.19) 
As the viscosity changes with temperature, the pressure drop 
through the hydraulic system changes which results in an 
error in the signal to the actuator. 
Tr.e major robot drive system in use today is based on 
the DC servomotor (reference 17). The basis for this system 
is an armature winding within a magnetic field. The arma-
ture is the rotatinq part of the motor and 1s referred to as 
the rotor. The winding is the stationary member and is 
called the stator. A magnetic field is generated around the 
brushes in figure (4. 8). The energy for the armature is 
supplied from an external DC source, and the motor converts 
it to mechanical energy. The mathematical expression that 
relates the torque to the armature current is given by: 
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Field 
(stator) 
Load 
Armature 
(rotor) 
~Brushes v· 
Figure 4.8 Schematic Diagram of a Separately Excited 
DC Motor (source: Koren,Y.; reference 17) 
Broken profiles show 
Backlash, along line 
of action= ELA= B cos¢ 
r 
Angular backlash 
max. backlash range 
when mate held fixed 
Figure 4.9 Geometric Definition of Backlash. 
(source: Michalec,G. ; reference 24) 
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T= ~T .. I (Y.Jo) 
where: T = Magnetic Torque (Nm) 
K1 = Torque constant (Nm /Amperes) 
I= Current in armature circuit (Amperes) 
The iollowing equation relates the induced voltage in the 
armature winding to the rotation speed: 
E = Kv·W 
where: E = Induced voltage (volts) 
Kv = Voltage constant (volts/(rad/sec)) 
w = angular velocity (rad/sec) 
(4.21) 
The major source of error that oriyinates from the 
motor is a DC motoL hysteresis (reference 23). Hysteresis 
is caused by maqnetic flux in the windings not returning to 
a value of zero when the magnetic intensity caused by the DC 
circuit is returned from some positive value to zero. This 
causes the windings to have some residual magnetic flux even 
when the input voltage to the windings is zero. Thus, the 
stator may rotate with some small velocity even when the 
motor is not receiving a voltage signal. A general equation 
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for the servo motor error has been derived in (reference 12) 
and is given as follows: 
Tl 
Ep =) Ket(wref - wtach)dt 
0 
where: Ket= voltage constant 
wref = E/K (rad/sec) 
c...:itach = tachometer speed (rad/sec) 
upon integration, this equation yields: 
Ep = Ket (8r:ef - (·Hach) + C 
where: eref = reference pos. (°) 
etach = tachometer pos. (0 ) 
(~.22) 
(4. 23) 
Another error involved with the motor is the connection of 
the motor to the actuator. Nonlinearities of the actuator 
cause dD error to be generated at this connection. These 
errors are quite complex to analyze. Nof (reterence 26) 
estimated the nonlinear actuator error. In Nof's analysis, 
the error was defined as: 
ti(k) = qi(k) - qim(k) ( 4. 2 4) 
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where: qi (k) = actual displacement of 
joint i 
qi m (Jc) = displacement of joint 
i (model) 
f_ i (k) = error in joint i at 
time k 
To include the nonlinear effect, Nof modeled qim(k) as: 
gim(k) = ai~ + I J.i~9i(k-o() + b<>< ·Li(k-ol) + c"- 6 (4.25) 
where: i = 1,2, ••• n ,n = #of robot joints, and 
ai~ ai~ bl, c-'fl are parameters to be determined 
~ince gi(k) 1s not known at time = k, then i(k) is not 
known. Assuminy a normal distribution and using a minimum 
variance estimator, No£ developed the following equation: 
k- 1 
Ji(k-1) = I.E((i(oe't) 
o< = 0 
where: Ji (k-1) = actuator inertia of joint i 
83 
(4.26) 
(oz-in-sec/rad) 
This equation can be implicitly solved for the nonlinear 
error, (i. 
The manipulator joints can be driven directly or indi-
rectly. In a direct drive system, the joint shaft is con-
nected directly to the dI:"ive motor (I:"efeI:"ence 17) • In the 
indirect drive system, the joint is connected to the motor 
throuqh a tI:"ansmission system (reference 17). The direct 
drivP miqht have better positioning accuracy because the 
transmission system is eliminated. The major sources of 
error in the transmission system involve gear backlash and 
mP.chanical assembly inaccuracies. These errors will be dis-
cussed further in chapter (6). 
The one drawback of a diI:"ect dI:"ive system is the posi-
tion of the motors. The motors are located at the ioints. 
As a result, they add additional weight to the arm mechanism 
which limits the load that the arm can carry. Indirect 
drive robots have all of their drive motors located off the 
robot's arm and are used by most commercial robots. The 
major obstacle for direct drive robots is the size and 
weiqht of the motors. If the size and weight of the motors 
could be reduced and still maintain equivalent torque char-
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actcristics, then direct drive robots may be feasible. 
Indirect drive robots have a much more rigid structure which 
enhances the positioning accuracy. 
Q.q __ COftPLIAICE_COISIDEBATIOIS 
The system com~liance accounts for the last major 
source of robotic error. Dimensional inaccuracies in the 
system compliance result from the gears and links of the 
robot. There are certain machining tolerdnces and assembly 
tolerances ot the links that dccount for compliance error. 
These errors are significant when the robot has sliding 
linkaqes; for example, the Stanford Arm Manipulator. These 
linkage errors are assumed to have a normal distribution 
(reference 3). As a result, the total linkage error can be 
obtained from the following equation (reference 3): 
A T 
LE = [ ( E Ai) i- [ ( ET i) ( 4. 2 7) 
i= 1 i=1 
where: LE = expected value of the 
total linkage error (in) 
EAi = expected value of 
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assembly erTor source i (in) 
ETi = expected value of 
tolerance error source .l ( in) 
A = # of assembly errors 
T = # of tolerance errors 
There are certain inherent characteristics of the gear-
iny mechanisms that cause error. These include: 
1. Gear backlash 
2. Tooth-to-tooth composite error 
3. Pitch circle runout 
A major source of 4ear error can be attributed to the 
backlash (reference 24). Backlash can be thought of as the 
"play" between mating teeth of two gears. Backlash can not 
oe avoided and is actually needed for proper gear operation. 
The spacing between the gears is neccessary so that a lubri-
cant can flow between the teeth. Also, if there were no 
hacklash, the tight fit between the gears would cause added 
stress to the individual teeth which might cause them to 
break. Backlash also prevents the gears from binding. 
Without backlash, the gears might jam together during opera-
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tion. Designers build gears with backlash but must limit 
the amount of backlash in the interest of gear positioning 
accuracy. 
Backlash is shown graphically in figure (4.9). In the 
geometric sense, backlash is the amount by which the width 
of a tooth space exceeds the thickness of the engaging 
tooth. 
The backlash is caused mostly by two physical vari-
ations with the gear. 
change in the tooth 
directly relatP.d to 
First, backlash can be caused 
thickness. The tooth thickness 
the backlash. Thus, decreasing 
by a 
is 
the 
tooth thickness by tiT increases the backlash by tiT. This can 
be represented by the following expression: 
B = 6T ( 4. 28) 
where: B = Backlash (inches) 
6T = change in tooth thickness (inches) 
In addition, another contributing source to backlash is 
caused by the change in the center distance of the gear. If 
the year does not rotate about its exact center, the gear 
will wobble and cause variation in center to tooth distance. 
These variations are known as pitch circle runout. A gener-
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al equation has been derived by Michalec (24) which relates 
the backlash to the variation of the center to tooth dis-
tance. It is based on simple geometry and is given as fol-
lows: 
B = 2* llc•tan (0) (4. 29) 
where: ClC = increase in center-to-tooth distance 
(inches) 
0 = Pressure angle { c)) ••• shown in 
figure(4.9). 
B = Backlash (inches) 
o is the angle that the edge of the tooth surface makes with 
the radial line emanating from the center of the gear. 
Pitch circle runout and tooth-to-tooth composite errors 
are shown graphically in figure (4.10). Pitch circle runout 
has a single cycle variation that is caused by eccentricity 
between the mounting axis and the exact center of the gear. 
This error causes the gear's rotation profile to have an 
elliptical shape rather than a circular one. 
Tooth-to-tooth composite errors are generated by the 
variations of tooth size within a gear. Tooth-to-tooth 
errors are not that large but occur N times per cycle where 
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Figure 4. lO Total Composite Error Plot Showing Tooth-
to-tooth Composite Error and Runout Com-
ponent. (source: Michalec,G. ; reference 24) 
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.~ 
N is the number of teeth on the gear. These two errors com-
bine to form a total composite error as depicted in figure 
(4.10). 
Structural deformation gives rise to compliance error. 
This refers to the bending and stretching of the nonrigid 
links. This error is a major factor when the robot is in 
the "loaded 11 state. 
~rrors 1n positioning also can arise from elastic 
d e t le ct ions o f i n di v i tl u a l j o i n t members • Be lo l i k o v ( 4) h as 
treated the links of a robot as members under force and tor-
que. He used 
describe these 
a unified beam theory to mathematically 
deflections. It was found that the middle 
parts of the links can be viewed as thin-wall envelopes of 
rouncl or rectanqular sections. For this model, section def-
ormations in the vicinity of the application of the applied 
torcc contribute almost entirely to the deflection of the 
whole link. In this model, the overall weight of the link, 
the horizontal distance of the positioned links, inertial 
moment of the cross section, and the force supplied by the 
bedrin(js ( joint) which hold the links in position were the 
maior tactors which influenced the deflection error of the 
arm. Belolikov aerived the followinq equation for the elas-
tic link deflection of a telescopic arm: 
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€ = o<. * (P2*a:;., *l) / (E*h3 *lo) 
where: o = elastic deflection (mm) 
P2 = weight of wrist and/or 
end effector (kg) 
a = width of arm {mm) 
1 = length of arm (mm) 
E = modulus of resilience 
h = thickness of arm wall (mm) 
lo= distance between beariny 
supports (mm) 
( 4. 30) 
Thermal and environmental factors also can affect 
structurdl deformation. These factors may alter the modulus 
of elasticity and other mechanical properties of the links 
and, thus, affect the Jefor~ation error. 
This section on error was intended to give an overview 
dS to the sources of error in a robotic system. The sources 
were general in nature and could be applied to most robots 
in use today. once these errors are compiled, the errors 
may be grouped into an error budget much like those devel-
oped for machine tools (reference 10). iith an error budg-
et, the errors can be broken down into subsystems, and their 
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effect and interaction with other soures of error can be 
determined. This then would allow for a better understand-
ing of how the total error at the robot wrist evolves. 
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5.1 __ .A_GBRBRIC SCBBBE POI ROBQIIC BIIQI_BODGl!IIG 
The previous chapter has identified many sources of 
error for a robotic system. The robot system was parti-
tioned into subsystems so that individual sources of error 
could be delineated. Table (5.1) shows these subsystems and 
their maior sources of error. The mathematical expressions 
are ~iven in the previous chapter. What remains to be done 
is to combine these specific errors into an overall error 
budget. 
Donaldson (10) describes error budgeting as a systems 
analysis tool for predicting error at the design stage. 
Using an error budget technique leads to the prediction of 
subsystem errors which contributes to the overall system 
error. 
The error budget technique enables one to determine the 
error source generation and how these sources of error 
interacted to form the overall tool position error. Donald-
son provided a flow chart for g2nerating and error budget of 
a two-axis lathe (See figure 5.1). Donaldson defines a dis-
placement error as the displacement between an actual and 
ideal workpiece. The error source is considered as the phy-
9] 
Table 5.1 Error Sources of a Generic Robot 
Error Source Subcategory . Math Expression (reference) Equation # 
Categor_y 
., (:) 
COMPUTER 1. # of bits Ef(x)= ~f(x) (x-a) (33) 4.1 
j:il 
2. Kinematic E>Q(t)-P (22) 4.2 
Arrangement 
3. Calibration E= RCF - BCF ( 27) 4.3 
CONTROLLER 4. Gains E= Tg/ (d. *K"'*Kc. ) ( 17) 4.10 
5. D/A Converter E= VR/2ri (17) 4.12 
I.O 6. # of Bits E= CR/214 ( 17) 4.13 
~ 
7. Encoder (a) E= 2*n r*sin(o)/R ( 17) 4.16 
Resolution 
8. Encoder < a-) E= 360/n (12) 4.17 
· Resolution 
9. Sampling Time E= K/Tb - CJ n (12) 4.14 
10. Dynamics Further 
Research 
DRIVE 11. Servomotor E= -Ket( e ref-et) (12) 4.23 
,;-1 
12. Actuator · Ji=·I:. E((i (cC)..l) (26) 4.26 
Non 1-i near i ti es so 1 vet for fi(o<.) 
Table 5.1 cont'd) Error Sources of a Generic Robot 
DRIVE 13. Stepper (a) Se= arcsin(-tl/t)/p (34) 4.5 Motor 
14. Stepper (b) Es= 360/n ( 17) 4.4 Motor 
15. Fluid Leakage E= f(line length, (20) 
age of. l i ne) 16. Pressure Pf= 32*l*f *JJ../d (20) 4.18 Drop 
17. Viscosity log(log(.ll +.8))= (20) 4.19 of Fluid 
n*log(T) + C \.0 
u, COMPLIANCE 18. Link & = (o( *P2*i *1)/ (4) 4.30 Deformation (E*h3 *lo) 
19. Gearing B= 2* .6C*tan (.0') (24) 4.29 
\ A T 20. Linkage 
. E = t: ( EA i ) + ~ ( ET i ) (3) 4.27 
I' I 1 • I 
21. Thermal & 
Environmental E= f(elasticity and Factors other mechanical 
properties of 
the robot) 
sical cause of a displacement error, and a coupling mech-
anism is the physical factor the connects the error source 
and the displacement error. The coupling mechanisms are, 
actually, mathematical expressions which quantify the error 
anu also give some sort of variation of the error. For 
instance, the coupling mechanism for the error generated by 
the number of bits in the computer is: 
o6 
/ I (j) 
E (X) = J'.f (X) * (x-a) 
i=4 
A simple example of a combination rule in the computer sec-
tion of 3 generic robot miqht be the addition of the three 
error sources (~ of bits, kinematic arrangement, cali-
c rat ion) in the: computer error source category. 
There are two main problems associated with using an 
error budget aualysis. First, the designer must account for 
all significant sources of error. Previous work done is the 
only source the designer can refer to; there is no absolute 
way of knowing if all significant sources have been 
accounted for. The second problem is related to assessing 
the proper magnitude and variation of the error source. 
Error budget analysis can be applied to robots which 
allows the overall static kinematic error to be subdivided 
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Figure 5. l Flow Chart for Generating an Error 
Budget for a Two Axis Lathe. 
(source: Donaldson, reference 10) 
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into a number of smaller steps. This analysis results in a 
more systematic approach as well as a closer look at the 
individual sources of error. For a generic robot, the error 
budget analysis can be used as a checklist for error sourc-
es. 
Based on Donaldson's flow chart, a flow chart was 
developed for a generic robot. This is shown in figure 
(5.2). In the error budget developed, all sources of error 
are those listed in Table (5. 1). The errors are then trans-
formed through a coupling mechanism which links the physical 
error source to its effect on its specific subsystem. All 
of these errors then are combined by some combinational 
rule. The combination rule can simply be additive or use 
statistical properties. This will depend on how the design-
er wants to model the error. Most complete error models 
will have to use some statistics to correctly model the 
error. The error simulation of the Puma 560 (section 5.2) 
incorporates the variation of the error sources. 
One major change from Donaldson's error budget approach 
that arose from the research is that the structure (format) 
of the error budget had to be changed when applied to a 
robot. A robot error budget scheme has to take into account 
that the robot 1s a much more complex mechctnism than the 
98 
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combinatorial 
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expressions of 
Table 5. l 
Figure 5.2 Error Budget for a Generic Robot 
(Computer Section) 
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Figure 5.2 cont'd) Position and Orientation Error 
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machine tool which served as the basis of Donaldson's error 
budgeting technique. As a result, the source of error in a 
robot error budget could not be directly related to the 
final position and orientation error which Donaldson's error 
budget permitted. For example, the gains error of the con-
troller does not directly affect the position and orien-
tation error of the wrist. The gains error causes an error 
in the input signal to the servomotor. 
for a robot error budget technigue, one must consider a 
general progression of error that develops along the robot 
in which each subsystem's error is affected by the previous 
subsystem's P.rror (i.e. the sources of error generated by 
the computer result in error in the input signal to the con-
troller; the error sources from the controller result in an 
error in the input signal to the actuator; and finally the 
error sources from the dctuator cause an error in the input 
signal to the compliance system). The error in the compli-
ance ~ystern then can be directly related to the error in the 
position of the manipulator's wrist. As a result of these 
considerations, the robot error budget scheme developed in 
this thesis takes into account these interdependencies among 
the inuividual sources of error. one major factor that the 
error budget technique developed in this thesis neglects is 
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the dynamics of the robot. The dynamic error category is 
listed in table (5.1), but is not integrated into the error 
budget. 
The error budget for a generic robot attempts to delin-
eate the major sources of error. one goal of the error 
budqet scheme was to make it generic enough such that almost 
any robot coul<l be described by it. A specific error may 
not be relevent to a certain robot, while that same error 
may be a major cause of error in another robot. 
5.2~lPPLIC1TION_OF_BBB0B_BODGBT TO TBB POil 560 
5.2.1 __ Puaa_560_Brror_Sources 
The Pumd 560 robot has the same major subsystems (com-
puter, controller, drive, and compliance) as a generic 
robot. In the computer and controller sections, the PU~A 
560 contains all of the error sources of a generic robot. 
The specific PUMA 560 configuration deviates from a generic 
robot configuration in two ways. First, the PUMA 560's 
drive system is based on a DC servomotor, and only tvo error 
sources (DC servomotor, actuator nonlinearities) are present 
in the drive system. Secondly, the PUMA 560 contains only 
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rotating gears {it has no sliding linkages). As a result, 
the output from the DC servomotor goes directly into driving 
the gears as opposed to driving sliding linkages. The 
sources of error tor the PUMA 560 are summariz~d in Table 
(5. 2). 
5.2.2 PUftA_560_Error_Budget 
A~ error bud1et scheme based on Table (5.2) was devel-
opert for the PUMA 560, and 1s given in figure (5.J). The 
error budget developed for the PUMA 560 1s similiar to the 
error budget developed tor a yeneric robot in figure (5.2). 
The differences between the two error budgets are in the 
drive and compliance systems. The drive system of the PUMA 
560 contdins only servomotor and actuator nonlinearity 
errors, and the compliance system contains only gears (no 
slidinq linkages). 
Some basic assumptions were made in determining which 
sources of error were significant to the to the overall 
µosition and orientation errors. These assumptions are that 
the errors in the computer, controller, and drive systems 
were insignificant when compared to the errors from the com-
pliance system. 
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i Table 5.2 Error Sources of the PUMA 560 Robot l 
Error Source Subcategory · Ma th Expression (reference) Equation # Categor,t 
eo C,) COMPUTER 1. # of bits Ef(x)= Lf(x) ·(x-a) (33) 4. 1 
J:iJ 
2. Kinematic E>Q(t)-P (22) 4.2 
Ar ran gem_en t 
3. Calibration E= RCF - BCF ( 27) 4.3 
CONTROLLER 4. Gains E= Tg/ (c< *K,.,*Kc. ) ( 17) 4 .10 
5. 0/A Converter E= VR/2N ( 17) 4.12 
I--' 6. # of Bits E= CR/2~ ( 17) 4 .13 0 
-..J 
7. Encoder (a) E= 2*n r*sin(o)/R (17) 4 .16 
Resolution 
8. Encoder (a) E= 360/n (12) 4.17 
· Resolution 
9. Sampling Time E= K/Tb - tJ n . (12) 4.14 
10. Dynamics Further 
Research 
DRIVE 11. Servomotor E= -Ket( O ref-et) (12) 4.23 
l;-1 12. Actuator · J i = . E. E ( C (c,< )-1 ) (26) 4.26 Nonlinearities so 1 veC> for Ei(c,<J 
Table 5.2 cont'd) Error Sources of the PUMA 560 Robot 
COMPLIANCE 18. Link cf = (ol *P2*a..i *l) I (4) 4.30 
Deformation ( E*tf *lo) 
19. Gearing E= 2* AC*tan (.0') (24) 4.29 
A T'" 
20. Linkage E= L.(EAi) +.[(ETi) ( 3) 4.27 
J:~ j: I 
21. Thermal & E= f(elasticity and 
Environmental other mechanical 
Factors properties of 
the robot) 
= Error 
Source 
combinatorial 
rule 
Coupling 
Mechanism 
(mathematical 
expressions of 
Table 5.2) 
Figure 5.3 Error Budget for the PUMA 560 
(Computer Section) 
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Figure 5.3 cont'd) Drive (Actuator) Section 
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Figure 5.3 cont'd) Compliance Section 
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Figure 5.3 cont'd) Pos1liun and Orientation Error 
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WAIST 320° 
(JOINT 1) 
PUMA 560 
SHOULDER 250° 
(JOINT 2) 
ELBOW 270° 
(JOINT 3) 
WRIST ROTATION 300° 
(JOINT 4) 
WRIST BEND 200° 
(JOINT 5) 
FLANGE 532° 
(JOINT"6) 
b Robot Joint Identification 
Figure 5.4 PUMA 560 Robot Joint Identification 
(source: Perreira,D.M.; reference 31) 
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These assumptions were made with the thought that the 
state of the art in the computer and electro-mechanical 
areas is much more exact than that of the mechanical {com-
pliance) areas of the robot. The computer and elec-
tro-mechanical parts of the robot are more precise and 
exacting than the mechanical areas. 
As a result, the errors from the error budget that were 
incorpordted into the simulation, to be developed in chap-
ter six, were the errors in the system compliance which 
included gearing ~nd linkage errors. Figure (5.4) shows the 
location of the ioints of the PUMA 560. Each joint is driv-
en hy two sets of 4ears. The error in the gears causes an 
error to be generated in the position of the joint. Along 
with the errors generated at the gears, there are errors 
generated by the structure of the link mechanism. These 
errors arise due to manufacturing and assembly tolerances 
and allowances. For example, the link structure between 
ioint 2 and joint 3 consist of eighteen different pieces 
that must be fabricated and assembled. As a result, errors 
arise in the length of the links which connect the joints. 
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The gearing errors cause the nominal position of the 
joint (the position that the robot thinks that it has moved 
to} to differ from the actual position of the robot. The 
gearing error at each joint is actually caused by two sets 
of gears. Table (5.3) indicates the joints and their corre-
sponding sets of gears for a Puma 560 robot. There are 
four gears for each joint. In order to obtain a numerical 
value of the gear error, the types of gearing and their 
sources of error must be understood. 
The gearing in the PUMA 560 consists of bevel and spur 
gears (for the specific gear assignment, see table 5.3). 
Bevel ano spur gears are used because they are gears capable 
of high precision. Two sets of gears work in unison to pro-
vide the necessary movement for a single joint. Even though 
precision gearing is used by the ioints, significant errors 
do arise in joint positioning. 
There are errors which are inherent to a gear. The two 
major causes of gear errors are backlash and position error. 
The backlash can be thought of as the "play'' between mating 
qear teeth or the lost motion upon the reversal of the 
direction of motion. The geometric definition of backlash 
and its inherent sources of error was given in the robotic 
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error section (chapter 4). In the robotic error section, an 
overview was given on backlash and position error for a sin-
gle gear. This section will take these fundamental errors 
and expand on them so that a position error can be generated 
for a gear pair, not just a single gear. 
In meshing qears, there are many sources of error that 
cause backlash. Michalec (24) divided the backlash into 5 
major groups. These backlash errors are summarized in Table 
5. 4. 
Table 5.J. Gear lssignaents for the Joints of 
the PUftl 560 Bobot* 
Joint 1 Spur 
Bevel 
Joint 2 Bevel 
Spur 
Joint 3 Bevel 
Spur 
Number of Teeth 
Pinion 
12 
12 
13 
15 
13 
10 
Gear 
49 
184 
146 
144 
96 
80 
1 17 
Gear Pitch Diameter 
( inches) 
Pinion 
.38 
.75 
.)8 
.94 
.41 
.69 
Gear 
1. 53 
1.50 
4.35 
9.00 
3.00 
5.00 
Joint 4 Spur 
Bevel 
Joint 5 Bevel 
Bevel 
Joint 6 Bevel 
Bevel 
10 
11 
12 
13 
13 
13 
82 
102 
102 
110 
180 
72 
• 16 
.34 
• 19 
.37 
.20 
• 41 
1. 28 
3.19 
1.59 
3.10 
2.81 
2.25 
*Source: Charlie Enz, Unimation Inc., Danbury, Conn. 
Table 5.~ Sources of Bactlas~ Errors for Gear Pairs 
1. Design Backlash Allowance 
A. Gear size allowance 
B. Center Distance 
2. Major Tolerance Backlash Sources 
A. Gear size tolerance 
B. Center distance tolerance 
3. Gear Center Shift Due To Secondary sources 
A. Fixed bearing eccentricities 
1. outer-race eccentricity 
2. sleeve bearing's inside diameter 
B. Radial clearances due to tolerances and 
allowances 
1. Ball bearing radial play 
2. Fit between shaft and radial bore 
c. Component error sources 
1. clearance between mounting diameter 
and mounting bore 
2. component mounting pilot eccent~icity 
3. Component shaft radial play 
4. Rotation Backlash Sources 
A. Total composite error 
1. runout 
2. tooth-to-tooth errors 
3. lateral runout 
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B. Clearance between bore and shaft 
c. Shaft runout at point of gear mounting 
D. Miscellaneous runouts 
1. component shaft 
2. composite gear assembly 
5. Miscellaneous Sources 
A. Thermal dimensional changes 
D. Deflections of teeth, gear body, shaft, 
and housing 
c. Environmental conditions- vibrations 
As one can note from Table 5.4, there are numerous 
causes of backlash. For this thesis, only the design back-
lash allowance and the tolerance backlash sources will be 
investigated because they are the major sources of geafing 
error (reference 24). The description of the remaining 
sources of backlash will be neglected here but can be found 
in detail (reference 24). 
The geometric definition of backlash was shown in fig-
ure (4.9). As previously mentioned in the error budget sec-
tion, backlash is purposely d€signed into gears. To provide 
the necessary backlash, the gear teeth are intentionally 
thinned. This intentional thinning of the teeth below the 
nominal value is the design allowance. Teeth thinning is 
the maior source of backlash control. The control is simply 
the amount of design allowance or intended backlash. Some 
precision gears are designed with little or no backlash, 
and the necessary backlash allowance is obtained by increas-
ing the center distance slightly above the nominal value. 
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In addition, the center distance contributes backlash 
in two independent forms, intentional design allowance and 
tolerance. The intentional design allowance is needed so 
that the teeth do not interfere. This allowance is needed 
because meshed gears are subject to variation in their mesh-
ings due to deviation in gear size, center distance, and 
other minor effects. As a result, the center distance must 
be increased from the nominal "no backlash" value. 
Both the gear size allowance and the center distance 
allowance cause intentional backlash. The specific amount 
of backlash allowance for a gear pair depends on the design 
of the gears or their quality. The American Gear Manufac-
turing Association (AGMA) has a rating scale that ranges 
from one to 150. The higher the number designation for a 
gear, the more precise is the gear. As a result, gears with 
higher AGMA ratings are more precise and, thus, have lower 
backlash allowance. 
Another maior source of backlash is generated by toler-
ance sources; more specifically, gear size tolerance and 
center distance tolerance. Gear size tolerance is applied 
to the tooth thickness to account for the realistic fabri-
cation of the gear. This tolerance establishes dimensional 
manufacturing bounds on the gear teeth. In regards to the 
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quality of the gear, a more precise gear vith a high AGMA 
number will require a tighter dimensions on the teeth. 
There are two sources of gear size backlash : (1) gear size 
allowance and (2) gear size tolerance. These two sources are 
independent and can be paired into any combinations (refer-
ence 24). ususally a larger tolerance will dictate a great-
er dllowance since tolerance indicates likely variations in 
other parameters. 
Center distance tolerance will occur regardless of the 
manufacturing method. This tolerance results because no 
manufacturing methou can fabricate a gear center at the 
exact center of the gear. As a result, when the gear spins, 
it does not do so in a perfect circle. Rather, its rotation 
qenerates an elliptical outline. Similiar to the gear size 
backlash, the total center distance backlash has two compo-
nents, center distance allowance and center distance toler-
ance. 
For the center distance backlash, the geometry of the 
gear pairs must be taken into account. If the two centers 
are in line parallel to the X oc Y axis, then the center 
distance will vary as the coordinate tolerance. When the 
centers are on a line that makes an angle with the X or Y 
axis, the effective tolerance, designated te in figure 
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(5.5), is larger than the coordinate tolerance, designated 
tx and ty. The geometry of this situation is given in fig-
ure (5.5). From this, the effective tolerance is derived by 
Michalec (24) and is given as: 
te= t* (sin (0) + cos (9)) for egual X and Y 
coordinate tolerances 
te= cos (8-B) * '{ tx"+ty" 
1 
for unequal X and Y 
coordinate tolerances 
B= arctan(ty/tx) 
In summary, backlash has two major components, gear 
size and center distance. Each of these components consist 
of an allowance and a tolerance. The allowance of each com-
ponent is a designed and necessary backlash, while the tol-
erance of each component comes from the inherent errors 
geneLated by the manufacturing process. The other sources 
of backlash listed are relatively small and are considered 
negligible in the analysis of backlash. 
Another major source of error in gear operation of the 
PUMA 560 is the transmission error. This error results in 
nonuniform output motion when the input motion is uniform. 
Because of the transmission error, the position of the out-
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put gear varies from the constant-position ratio defined by 
the number of teeth in the two meshed gears. This results 
in the output qear not being in the corresponding nominal 
position specified by the input gear. This error is not to 
be confused with backlash which is a different, fundamental 
gear error. However, backlash and transmission error must 
be integrated in order to obtain a total position error for 
a gear pair. 
There are many sources of transmission error (reference 
24), and these sources are listed in Table 5.5. 
Table 5.5 Rajor Sources of !ransaission Brror 
for a Gear Pair (ieference 2Q) 
1. Position Error in the Individual Gears 
A. Total composite error 
1. cyclical errors 
2. eccentricity (pitch-line runout) 
J. side wobble (lateral runout) 
B. Tooth-to-tooth composite errors 
1. tooth profile error 
2. tooth profile-spacing error 
3. tooth thickness error 
4. lead error 
2. Installation Errors 
A. Runout sources 
1. clearance between gear bore and shaft 
2. runout at point of gear mounting 
J. ball-bearing rotating-race eccentricity 
B. Miscellaneous sources 
1. shaft couplinq 
2. shaft and bearing creepage 
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The major source of error in transmission is generated 
by the position error 1n the individual gears. This error 
is inherent in a gear and is revealed only vhen the gear is 
meshed with a mate. 
One component of the position error in the individual 
gears is the eccentricity which produces a runout. This is 
physically caused by the sinusoidal position errors in the 
location of the teeth. The cause of the error is that the 
gear itself is not perfectly circular and that the gear is 
not mounted on its exact center" These tvo tactors causes 
an error 1n the position of the teeth. This, in turn, caus-
es an eccentricity error which results in position error. 
Figure (5.6) shows the angular position error caused by the 
eccentricity as a function of the gear mesh position. In 
this figure, the error function is approximated by a sinu-
soidal function. This relationship is given by Michalec 
( 2 4) as: 
Anyular position error= Ep = e/R*sin(S) (5. 1) 
from the figure, it is seen that the pitch circle run-
out (eccentricity) will cause a sinusoidal position error, 
which is revealed as an output transmission error when 
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meshed with a mate. The lateral runout is usually a 
one-cycle variation and causes the gear to vary from the 
desired radial position.. This results in an error in the 
linear action of the gear. This lateral runout is usually 
considered a secondary effect. 
The tooth-to-tooth spacing also produces a position 
error. There are two major factors which cause this error. 
First, the error in the spacing between the teeth (tooth 
profile) causes a position error. The thinning of the indi-
vidual teeth produces a position error. The tooth profile 
error is sinusoidal and has a 360 cycle. Superimposed on 
this is the tooth thickness error which produces errors from 
tooth to tooth. This produces the jagged line of the sine 
curve of figure (5.7). The equation which describes this 
composite error is given in reference (24) as: 
Total Composite Error= Etc= 2* n *Ep*sin (8) / (n*tan (CJ)) (5. 2) 
where: 
Ep = maximum position error (inches) 
0 = pressure angle ( 0 ) 
n 
e 
= number of teeth 
0 
= phase angle of the gear () 
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This section delineated the sources of error for a gear 
pair. The major errors arose from the backlash and trans-
mission errors (reference 24). This overview on positional 
errors in precision gears allows one to generate mathemat-
ical equations to quantify the positional gear error. In 
the following chapter, the gear error is calculated based on 
the error discussion presented in chapter 5. Once this 
error is quantified, it can be incorporated into an overall 
robotic error analysis. 
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The analysis presented in chapter 5 allows one to cal-
culate the error generated by the gears of a PUMA 560 robot. 
In this chapter, the gear errors for each gear pair of the 
PUMA 560 are calculated. This gear error represents the 
error in the joint angles, a•s, of the kinematic model. In 
conjunction withe, the errors in the kinematic parameters 
~ 
a,~ ,and, d for the six joints are estimated. Once these 
kinematic error parameters are estimdted, they are incorpo-
rated into a kinematic model. The model generated then 
allows one to obtain the error in position and orientation 
of the end of the robot's arm. 
6.1~ClLCOLATI01 or GEAB_BRROBS 
Based on the general equations presented in section 
5.2.1, the American Gear Manufacturers Association (AGMA) 
has obtained recommended backlashes and transmission errors 
for spur and bevel gears. Factors which determine the 
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recommended backlash and transmission errors are gear quali-
ty (AGMA number designation), number of gear teeth, and 
pitch diameter (diameter of the gear). The recommended 
backlash and transmission errors are listed in the Machiner-
y's Handbook (22nd edition, reference 25) for spur and bevel 
gears. Knowing the number of teeth, AGMA number and pitch 
diameter allow one to obtain specific values for backlash 
and trdnsmission error. From these two errors, an overall 
angular error for a gear pair can be calculated. A sample 
calculation is given on the following pages to illustrate 
the procedure to obtain the angular error for the first 
joint of the PUMA 560 robot. The procedure is as follows: 
Sample Calculation of Angular Gear Error for Joint 1 of the 
PUMA 560 Robot 
Note: All data is obtained from Table (5.J); 
All gears are rated as 11 (AGMA # = 11) 
Step 1: Calculate the Diametral Pitch of a Gear 
Given: N= # of teeth/gear= 12 
P= Pitch diameter= .318" 
P 1 200 O= ressure ang e= 
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Calculate: Diametral pitch= DP 
DP= N/P= 12/.318= 32.0 11 
Step 2: Determine Constant Backlash 
Given: DP and N from step 1 
Procedure: Knowing the diametral pitch and N, 
one may look up the constant source 
of backlash (Pg. 665 of Machinery's 
Handbook reference 25). 
Constant Backlash= BC= .0015 11 
Step 3: Determine the Trdnsmission Error 
Given: DP and Gear quality # 
Procedure: Knowing the diametral pitch and quality 
ot the gear, one may look up the trans-
mission error on Pg. 674 of Machinery's 
Handbook. 
Transmission Error= Te= .0001 11 
Step 4: Determine the Residual Backlash 
Given: Te and 0 
Calculate: Residual Backlash= Br 
Br= 2*Te*tan (0) 
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Br= 2*.0001*tan (20°) = • 00007 11 
Step 5: Determine Total Backlash of a Gear 
Given: Br and Be 
Calculate: Backlash of a gear= Bg 
Bg= Br+ Be 
Bg= .00007 + .0015= .0016 11 
Step 6: Determine Backlash between Gear and Pinion 
Given: 13p and Bg 
Calculate: Total Backlash between Gear 
and Pinion= Bt 
Bt= Bp + Bg 
Bt= .0016 + .0016= .0032" 
Step 7: Determine Angular Error between Gear and Pinion 
Given: Bt= Backlash between gear and pinion 
D= Diametral pitch of larger gear 
d= Diametral pitch of smaller gear 
Calculate: Angular error of larger gear= ED and 
Angular error of smaller gear= Ed. 
ED= 6875*Bt/D 
ED= 6875*(.0032)/(60*1.53)= .240 
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Ed= 6875*Bt/d 
Ed= 6875*(.0032)/(60*.318)= .960 
Et= Angular error between 
gear and pinion= ED +Ed 
C C Et= .24 + .96= 1.20Q 
The procerlure (steps 1-7) is followed for all sets of 
gears of the Puma 560. Results of these calculations are 
summarized in Table 6. 1. 
Table 6.1 Results of Gear Error Calculations 
Angular Error Standard Deviation 
(degrees) ( degrees) 
Joint 1 Spur ±1.20 .00236 
Bevel t 1. 70 .00316 
Joint 2 Bevel ±1.00 .00259 
Spur ±0.70 .00128 
Joint 3 Bevel +1.00 .00173 
Spur ±1. 00 .00178 
Joint 4 Spur ±1.60 .00361 
Be ve 1 ±1.20 .00208 
Joint 5 Bevel :t1.30 .00231 
Bevel ± 1. 10 .00180 
Joint 6 Bevel ±1.30 .00218 
Bevel t1. 10 .00165 
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In the previous section the gear errors for the PU"A 
560 were calculated. The gear errors correspond directly to 
an error in the kinematic parameter, 8. The errors of the 
other kinematic parameters (~,a, and d) must by obtained in 
order to generate a kinematic error model. The errors in~, 
a, and d correspond to an error in rotation about the X 
axis, an error in displacement along the X axis, and an 
error in displacement along the Z axis (see figure 3.6). 
The errors in the kinematic parameters (~,a,and d) are gen-
erated during the manufacturing and assembly of the robot 
arm. For example, the three error parameters are estimatedl 
to be 
1. Error ind= .01 inch 
2. Error in a= .01 inch 
J. Error inol= .5° 
1 Source: personal communication with Mr. Charlie Enz, 
Unimation Inc., Danbury, Conn. 
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6.J_ BBBOB DIS!BIBOTIOIS 
The errors in e,d,a, andol are imbedded into each ref-
erence coordinate frame of the kinematic model. For the 
PUMA 560, this corresponds to errors associated with the six 
reference coordinate frames for each of the kinematic param-
eters. This results in 24 independent sources of error in 
the kinematic error model for the PUMA 560. In order to get 
a complete description of the error model, it will be nec-
cessary to obtain not only the kinematic errors , but also 
their corresponding error distributions. A statistical 
dpproach is thus otaken because of the random nature of the 
physical sources of the error. 
If only the maximum of each error were modeled, then 
the answer obtained from the error simulation could and most 
probably would predict an unreasonably high error at the end 
of the robot's wrist. A simple sum of the maximum errors 
would be unreasonable because of the highly unlikely proba-
bility that all errors or even a large percentage of the 
errors would be at a maximum at the same time. As stated 
previously, the primary contribution of error variation is 
the varying error sources caused by gear rotation. 
Since the errors in d,a,andJ are due to manufacturing 
and assembly operations, a reasonable distribution for these 
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errors would be the normal distribution with a 3 sigma 
spread of the error (reference J). The distribution of the 
error in 9 is 
nature of the 
much more 
gear. The 
complex because of the 
distribution for the 
physical 
constant 
source of backlash is normal with a two sigma distribution 
(reference 24). This error distribution is due to the 
source of the error i.e., the manufacture of tolerances and 
allowances. The eriuation for these error parameters is 
estimated to be (reference 24): 
mean error=..lA=O. (6. 1) 
standard deviation= (5 =. 5* (maximum error value) 
In a meshed gear operation, the transmission error is 
constantly fluctuating dnd at times is zero (reference 24). 
For constant motion of a gear pair, the distribution is a 
function ot the input angle and time. Because the error 
function 1s essentially sinusoidal due to the predominance 
of the net eccentricity, the probability function is a rec-
tangular distribution of phase angle versus a sine value of 
error (reference 24). This function results in the distrib-
ution shown in figure 6.1. The frequency of occurrence 
appproaches infinity for X= ±1. This is to be expected for 
136 
a sinusoidal error curve having a rectangular phase distri1-
ution because the sine curve has zero slope at X= ±90. This 
will result in the greater occurence of large-valued errors. 
Prom this distribution, the following error parameters are 
applicable for 8 (reference 24): 
mean error= )).. = O. 0 (6. 2) 
standard deviation= Cf= • 707* ( peak error value) 
The distribution of the total backlash error is the 
result of the combination of all of the sources of error 
previously listed in Table 5.4. Since there are about 20 
sources oi gear error, each with its own distribution, the 
resultant backlash error distribution has a normal distrib-
ution. This assumption is made using the central-limit the-
orem. The central-limit theorem allows one to assume a 
normal distribution fo.r the total backlash because the.re are 
twenty underlying sources of error which combine to give the 
total backlash error. In the error analysis presented here, 
only the distributions from the constant backlash and trans-
mission error sources are accounted for. The other sources 
of error are assumed negligible (reference 24). By use of 
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the central-limit theorem, the following equations are 
obtained: 
error = JJ.ca r )). TE =O. 0 
standard deviation = fcr-c~t a;E 
where: _,(.fof mean error from constant back lash 
.,{,,{rf= mean error from transmission error 
(6. 3) 
(Jc~ = standard deviation of backlash error 
Ge= standard deviation of transmission error 
Because the expected value of each error source is zero, the 
input to the simulation only needs to consider the standard 
deviation of each error source. 
6.q_ ftATHEllTICAL ft0DEL POi BBBOB lllLISIS 
In assessing the problem of simulating the kinematic 
error, the major sources of error first have to be obtained. 
The mathematics of the kinematic model must then be 
described. On the ba3is of the literature review, Paul's 
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method, based on the use of the A matrix to describe the 
kinematic system, was chosen. It was considered to be the 
most flexible method ( it lent itself to modeling most types 
of error), and the A matrices are easily differentiable. 
The differentiable nature of the A matrices was neccessary 
because of the small need to model the differential errors 
for the simulation. The basis for control of a robotic sys-
tem is the relationship between the Cartesian coordinates of 
the end effector and the joint coordinates. The positional 
accuracy of the end effector thus depends on the accuracy of 
the four link parameters (a,0,J,d) of each joint. This the-
sis develops a model between the six Cartesian errors 
(ax,dy,dz,Sx,Sy,Sz} and the four independent kinds of kine-
matic error (a,8,~ ,d) at each joint. Based on this model, 
the static kinematic error of th€ end effector due to any 
combination of the tour kinematic errors can be obtained. 
In order to translate the sources of errors into suit-
able parameters for the A matrix, mathematical expressions 
are developed for these errors. First, the statistical dis-
tribution of these errors are determined, then parameters 
describing these errors obtained. These parameters were 
then incorporated into the kinematic model which enables the 
prediction of the error at the end of the robot's wrist. 
140 
Paul's kinematic equations allow one to determine the 
error in the position and orientation of the robot's wrist 
given 8,d,a,d,and their errors. There are six values each 
of e,d,a,and d which results from each of these values being 
specified for the six reference coordinate frames of the 
PUMA 560. These parameters are incorporated into the kine-
matic error model. 
The basis for the kinematic eguations is the following 
relationship: 
5 
Te, = Ao.1 * A1,J * A:i.~ * A1,y * Ay,r * Ar." = TI A,
1
it1 ( 6. 4) 
i=O 
where: A,,,tl = Trans£ orma tion matrix which relates refer-
ence frame i+1 to reference frame i and is given by 
A = 
S8i -S8i*C~i S0i*S~i ai*CBi 
Coi C9i*Cdi -C9i*S~i ai*S8i 
0 
0 
Scx_i 
0 
Co(i 
0 
di 
0 
where: ce;= cosine(~') , C..<j = cosine (oe';) 
se,= sine{~) , s~· = sine~;) 
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The error is modeled into the system by adding an error 
matrix ,dA, to each transformation. This results in the fol-
lowing equation (reference 31): 
5 
Aqit1+ dAi,iti = Tf (Ai'1111 + dAi,1t1 ) 
i=O 
deo = 
d11o( = 
where: 
d8, = 
dd; = 
ct.,.1·, = 
da· = I 
• 
o -dei o o 
d6i O O 0 
0 
0 
0 
0 
0 
0 
error 
error 
error 
error 
0 
0 
0 
0 
dJi 
0 
0 
0 
0 
-cl,l i 
0 
0 
ddi 
0 
dai 
0 
0 
0 
in e <o) 
in d (inches) 
in J ( 0 ) 
in a (inches) 
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(6. 5) 
Solving the preceding equation (6.5) for dA results in: 
5 
dAo ~ I = 1T (A1,;~1 + dAi,in ) - T(; 
i=O 
(6. 6) 
The followinq expression is an equation for dAo,<, (reference 
3 1) : 
dAo,1, = T0 * (sci-ew matrix - I) 
wherG the screw matrix is given by: 
~/·Vet Ce <:- ~x ~fvo- k Se Ky ~de, K~·Se 
screw = 
matrix ~~ ~x Yo 1 ~( Se K{ Vet Ce ~rkVe·Kf'.,_, 
I~' . ~,x.. Ve - ~~ Se ~· ~f vg, ~K Se ~z.i· ve1 Ce 
0 0 0 
I\ 
(6. 7) 
0 
0 
0 
k = (kx t ky + kz) is an eigenvector about which a single 
rotdtion ,e, i-otates the wrist to give three error vectors 
(X,Y,Z) in the orientation of the wrist. The following 
terms are applicable for the screw matrix given in the pre-
ceeding equation: 
S9 = sine (8) 
ce = cosine (6) 
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ve = versine(9)= 1- cosine (9) 
px = position error in the X direction (6. 8) 
PY = position error in the y direction 
pz = position error in the z direction 
r 
S*kx = orientation error in the X dirrction 
8*ky = orientation error in the y direction 
9*kz = orientation error in the z direction 
To solve for e , K , px, py, and pz, set dA1,i11 of equation 
6. Fi to dA;i;t1 of equation 6. 7. This operation results in: 
5 
Te, * (screw matrix - I) = TI (A1,,+l + dAii1r1 ) - Tr;, 
i=O 
( 6. 9) 
Premultiplying both sides of equation 6.9 by {Tb) yields: 
5 
screw matrix - I= (T(, ) * ( n (Ai,iti +dA1,;tl )- Tf> ) (6.10a) 
i=O 
The right side of equation 6.10a is a 4x4 matrix which can 
be represented by the following matrix: 
nx sx ax px (6. 10b) 
ny sy ay PY 
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nz sz az pz 
0 0 0 0 
Through matrix identities , some simple algebra and trigo-
nometry, the solution force and SS is given as (this deri-
vation cdn be found in the literature, reference 15, page 
13) : 
ce = {nx + sy + az + 2)/3 
se = ( (sz-ay) + (ax-nz) + (ny-sz) ) / 2 
8 = arctan(S8 /C0) 
(6.11) 
Once O is obtained, one can solve for the three orien-
tation error vectors (kx, k y, kz). Through some matrix 
identities, kx, ky, and kz can be obtained as follows (This 
derivation can be found in literature, reference 15, page 
1 4) : 
kx = sqn(sz-ay)* ({nx-CO +1)/(1-CO )) 
ky = sqn(ax-ny)*((sy-.co tl)/(1-CO )) 
kz = sgn(ny-sx)*((az-CO +1)/(1-CO )) 
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(6. 12) 
There are three different cases to consider when 
obtaining the solution for kx, ky, and kz. The solution to 
kx, ky, and kz depends on which term {kx, ky, or kz) is the 
largest. The three cases are: 
a) If kx is largest, then 
ky = (ny+sx)/(2*kx*(1-C8 )) 
kz = (ax+nz)/(2*kx*(1-ca )) 
b) If ky is largest, then 
kx: = (ny+sx)/(2*ky*(1-ce )) 
kz = (sz+ay)/(2*ky*(1-C0 )) 
c) If kz is largest, then 
kx = (nz+ax) / (2*kz* ( 1-ce ) ) 
ky = (sz+ay)/(2*kz*(1-C9 )) 
(6. 13) 
(6.14) 
(6.15) 
From the equations of 6.8, the solution for the six error 
terms can be obtained through the variables imbedded in 
equation 6.10b and the derivation of equations 6.11 through 
6. 15. The error terms are as follows: 
error 1n the x orientation= e *kx (6.16) 
146 
.t· 
error in the y orientation = G *ky 
error in the z orientation = e *kz 
error .l n the X position = px 
error in the y position = PY 
error in the z position = pz 
The aLove set of equations then can be used to predict 
the error at the end of the robot's wrist based on the 
errors in e,d,a,and o1.. • 
The mathematical model for the error simulation is 
implemented usinq Fortran IV. The program developed solved 
the progression of equations (equations 6.4 through 6.16) 
given in section 6.4. The final solution to the program is 
the set of equations given by equation 6.16. The constant 
inputs to the simulation were the kinematic parameters J,a, 
and din Table (6.2), the calculated values of the six gear 
(0) errors given in Table (6.1), and the most probable 
errors of dJ , da, and dd. The maximum errors were esti-
mated and discussed in Section 6.2, and the most probable 
error was derived given the maximum probable error. The 
maximum probable errors occur at the three sigma value of 
the error distribution, while the most probable errors occur 
at the most probable value of the error distribution. In 
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Joint 
Table 6.2 Link Parameters for the PUMA 560 Arm 
(source: Perriera,N.D.; reference 31) 
Link theta or d alpha 
Revolute 1-2 660.4000 -90.0000 
a 
0.0000 
Revolute 2-3 200.0000 0.0000 432.0000 
Revolute 3.4 -50.5000 90.0000 0.0000 
Revolute 4.5 432.0000 -90.0000 o.cooo 
Revolute 5-6 0.0000 90.0000 0.0000 
Revolute 6-7 56.5000 0.0000 0."0000 
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section (6.2) the maximum errors of d~ ,da, and dd for each 
ioint were estimated to be: 
da = .01 inch 
dd = • 01 inch 
dJ = • 5° 
The most probable error values for these parameters 
which were used in the simulation were: 
da = (. 5) (peak value) = • 01 *· 5 
= .005 inches 
dd = (. 5) (peak value) = • 0 1*. 5 
= .005 inches 
do{ = (.5)(peak value) = • 5*. 5 
= • 25° 
The only input variables of the simulation were the six 
joint angle values, e1 through 86. The output of the simu-
lation was the three position errors and the three (X,Y,Z) 
orientation errors along with their respective variances. 
The program thus gives the three position errors and orien-
tation errors as a function of the six joint angles (posi-
tion of the end effector). 
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Table 7.1 gives the results of the simulation for the 
position, error in position, variance of position, orien-
tation error, variance of the orientation error, and the 
reference distance (the distance from the origin of the ref-
erence coordinate frame to the end of the robot wrist) of 
the PUMA 560 for 10 positions in the Puma 560 1 s work volume. 
The ten positions were chosen so that almost all areas of 
the robot's work volume were included in the simulation. 
The ranges of position error for X,Y,and z were (0. 10-1.21 
inches), (0. 05-0. 95 inches), and (0. 05-0. 76 inches), respec-
tively. The ranges in orientation error for X,Y,and Z were 
(0. 0330-0.0001 radians), (0.0116-0.0003 radians) , and 
(0.0189-0.0001 radians), respectively. In all cases, the 
error in position was greater than its corresponding vari-
ance, while 72 percent ot the orientation errors were less 
than their corresponding variances. For example, the point 
at position (7.5, 17.6, and 12.5 inches) has a position 
error- of (0.13, 0. 36, O. 62 inches) with a variance of (0.10, 
O. 23, 0. 42 inches) and an orientation error of (0. 0058, 
0.0003, 0.0009 radians) and a variance of (0.0075, 0.0003, 
0.0010 radians). 
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Table 7.J Results of t~e Siaulatioa 
Position = {P) {inches) 
Error in Position = (EP) {inches) 
Va rience of Position = ( VARP) (inches) 
Error in orientation = (EO) {inches) 
Varience in Orientation = (VARO} (inches) 
Reference Distance = (RD) (inches) 
X I Z 
P(-7.2,-8.4,41.9) 
EP(.42,.06,.20) 
VARP(.38,.11,.01) 
E0(.0051,.0014,.0013) 
VARO (.0064, .0020, .0015) 
RD= 43.3 
P(23. 7,-4.7,28.3) 
EP(.16,.05,.46) 
V Ali P (. 11, • 3 6, • 3 9) 
EO (.0103,.0018,.0011) 
VAR0(.0012,.0028,.0011) 
RD= 37.1 
P(7. 5, 17.6, 12.5) 
EP(.13,.36,.62) 
VARP(.10,.23,.42) 
E0(.0058,.0003,.0009) 
VAR0(.0075,.0003,.0010) 
RD= 23.1 
P(21.8,9.8,-1.1) 
EP(1.21,.16,.23) 
VARP (.14,. 75,. 14) 
E0(.0009,.0116,.0029) 
VAB0(.0163,.0008,.0030) 
RD= 23.9 
P (6. 7, 14.6, 10. 0) 
EP (.41,.63,.05) 
VABP(.21,.42,.03) 
E0(.0001,.0012,.0001) 
VAR0(.0001,.0017,.0001) 
RD= 18.9 
X Y Z 
P (6.9,-. 7, 7.3) 
EP (. 16,. OS,. 46) 
VARP(.22,.18,.32) 
EO(.OJJ0,.0043,.0036) 
VAR0(.0004,.0012,.0002) 
RD= 10. 1 
P{32.1,6.1,-23.1) 
EP(.18,.85,.57) 
VAR P (. 13, • 5 9, • 3 9) 
E0(.0019,.0091,.0008) 
VAR0(.0027,.0123,.0010) 
RD= 40.0 
P(-12.6,-4.0,33.2) 
EP (.10,. 34,.24) 
VARP(.06,.29,.15) 
E0(.0048,.0029,.0189) 
VAR0(.0062,.0039,.0246) 
RD= 35. 7 
P (-10. 4,-13. 9,-5. 9) 
EP (.35,.95,.43) 
VARP(.22,.67,.28) 
E0(.0100,.0019.,.0036) 
VAR0(.0132,.0025,.0047) 
RD= 13.4 
P (- 31. 9, - 1. 6, 3 2. 9) 
EP (.35,. 85,. 76) 
VABP(.23,.58,.51) 
E0(.0002,.0003,.0001) 
VAR0(.0010,.0012,.0001) 
RD= 45.9 
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The inputs to the simulation were the six joint angles. 
Since these were the only variable inputs to the simulation, 
the position error was dependent on the joint angles. The 
reference distance was also solely dependent on the joint 
angles. The reference distance is the straight line dis-
tance between the base of t~e robot (reference coordinate 
frame) and the end of the robot's wrist. 
The relationship between the reference distance and 
position error was investigated to check the intuitive 
assumption that as the robot arm is extended (increase in 
the reference distance), the accuracy 
deteriorates. Specifically, the 
of the arm's position 
goal was to obtain 
equations relating the position error to the reference dis-
tance. The results of the kinematic simulation showed that 
there were no equations that could relate the reference dis-
tance to the position error. Figure 7. 1 graphically shows 
the results of the kinematic simulation. In figure 7.1, the 
error volumes in their appropriate Cartesian positions are 
shown for the ten positions represented in table 7.1. These 
volumes are generated by constructing volumes whose three 
chord lengths are the three errors (X,Y,Z) in the position. 
From this figure, the size of the volumes (error) does not 
depend on the reference distance. The error volumes, which 
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Fig~re 7.1 Error Volumes Generated by the Kinematic Error Model of the PUMA 
560 Robot Located at the Appropriate Cartesian Position. 
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have a small reference distance, are larger than some of the 
error volumes with a larger reference distance. For exam-
ple, the error generated at point 1 of figure 7.1 has a ref-
erence distance of 13.4 inches and a position error of 
(0.35, 0.95, 0.43 inches) in X,Y,Z. The error generated at 
point 2 bas a larger reference distance, 43.3 inches, but a 
smaller position error (0.42, 0.06, 0.20 inches) in X,Y,Z 
than point 1. 
Figure 7.2 1s intended to illustrate a magnified error 
volume of the circled area of figure 7.1. As can be seen in 
the magnified view, the volumes of the position errors are 
elliptical volumes shaped somewhat like a football. This 
elliptical shape arises because the error values in X,Y,Z 
are different within each position. This causes each volume 
to-have three different chord lengths (position errors in 
X,Y,Z). There was no discernable relationship between the 
position error and the reference distance based on the 
results of the simulation. 
The simulation derived from the kinematic error model 
quantifies the position and orientation error of the PUMA 
560 robot's wrist for any position inside the PUMA 560 1 s 
work volume. Also, by plotting the position error in the 
Cartesian coordinate system, it was determined that the size 
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Figure 7.2 Magnified View of the Circled Area of Figure 7.1. 
of the error volume varies within the robot's work volume. 
The simulation developed provides the researcher with infor-
mation about which segments of the robot's work volume have 
the largest errors. Knowing the position and orientation 
error gives the basis for a researcher to develop an error 
correction algorithm which could make the robot a more accu-
rate manipulator. 
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8.0~BBCOIBBIDl!IOIS POI_FO!OBB RBSBllCB 
This thesis investigated the generation of error in a 
robot. The error sources were delineated and then applied 
to a specific robot, the POMA 560. From the error sources, 
a kinematic model was derived to predict the position and 
orientation of the robot's wrist. Certain assumptions about 
the error in the robot's wrist were made that should be 
investigated further. Two major assumptions of this 
research were that (1) the dynamic effects are neglected in 
the robot error model and (2) the computer, controller, and 
drive systems contributed no error in the model. Further 
research could also investigate the error model applied to 
other robots and the effect of the Cartesian position on the 
positon error. A listing of research topics is as follows: 
1. Dynamic Considerations 
One major area of research into the position error 
of a robot is the consideration and incorporation of 
dynamics into the simulation model. Further research 
would thus incorporate the dynamic effects of the 
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robot•s movement into the treatment of the position 
error. 
2. Assumptions of the Error Model 
The major assumptions made in chapter (5) ,that the 
computer, controller, and drive systems contribute no 
error towards the position and orientation error of the 
wrist also should be investigated further. It was 
assumed in chapter 5 that error only arose from the 
compliance system. An error model could be derived 
that incorporates some or all of the computer, control-
ler, and drive system errors. Other assumptions could 
be made regarding the significance of the sources of 
error. For example, one might consider the error gen-
erated by the controller of the PUMA 560 as significant 
and incorporate this error into the error model. Error 
models then could be developed which would determine 
the sensitivity of the total position and orientation 
error to these assumptions. 
J. Other Robots 
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Research could also be done on other robots. The 
error budget could be applied to other robots such as 
the Stanford Arm Manipulator, the GE P50, and the Uni-
mate 2100G. This would allow the researcher to see how 
error budgets vary from robot to robot. For instance, 
the controllers, type of arm configurations, actuators, 
and compliance systems would vary from robot to robot. 
This would allow the researcher to compare different 
types of robots and robotic subsystems. 
4. Calculating the Kinematic Error for a Position 
The program developed calculates the kinematic 
error based on the six joint angles of the PUKA 560. 
In order to obtain the kinematic error along a certain 
path within the PUMA 560's work volume, the kinematic 
error must be able to be calculated based on the three 
(X,Y,2) position coordinates. This will allow the 
researcher to obtain error contours within the robot's 
work volume. These contours will indicate the constant 
error paths through the robot's work volume and would 
be valuable in trajectory planning and collision avoid-
ance. In order to obtain the kinematic error based on 
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the (X,Y,Z) position, the inverse kinematic solution to 
the PUMA 560 robot must be derived and incorporated 
into the simulation model. 
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Robot metrology is the foundation for robots which must 
perform intricate tasks such as microchip manufacture, 
deburring, and assembly of small parts. Robot metrology 
deals with the measurement, analysis, and mathematical mod-
elinq of dimensional errors in industrial robots (reference 
8). If high precision tasks are to be done by the robot, 
then the positional error of the robot must be known so that 
corrective action can be taken. 
This thesis investigates the sources of error in a 
robot. These errors arise from both kinematic and dynamic 
effects such as acceleration, inertial coupling, and cen-
tripetal ana coriolis forces. Dynamic error, though, is 
heyond the scope of this thesis and will not be investi-
gated. The error that is investigated is the static posi-
tion error that occurs when the robot has moved to a 
position and comes to a complete stop. As a result, only 
the static errors that are caused by the kinematic effects 
will be investigated. An error budgeting technique is 
applied to these sources of error. The error budget 
obtained defines the individual sources of error and the 
error combinatorial effects that contribute to the overall 
1 
error at the end of the robot's arm. In addition, a kine-
matic error model is developed to determine the error at the 
end of the arm based on the individual sources of error. A 
computer program was written based on the kinematic error 
wodcl and gave numerical results for the robot's position 
and orientation error. 
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